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1 Introduction 

For an immersed closed surface / : £ — > M. n the Willmore functional is defined by 



where H denotes the mean curvature vector of f,g = f*g e uc the pull-back metric and 
fig the induced area measure on £ . The Gaufi equations and the Gaufi-Bonnet Theorem 
give rise to equivalent expressions 
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where A denotes the second fundamental form, A° = A — \g % H its tracefree part and 
p(E) is the genus of £ . 

We always have W(/) > 4-7T with equality only for round spheres, see [Wil82] in 
codimension one that is n = 3 . On the other hand, if W(/) < 8ir then / is an 
embedding by an inequality of Li and Yau in [LY82] . 

Critical points of W are called Willmore surfaces or more precisely Willmore im- 
mersions. They satisfy the Euler-Lagrange equation which is the fourth order, quasilinear 
geometric equation 

A g H + Q(.4 )H = 

where the Laplacian of the normal bundle along / is used and Q(A°) acts linearly on 
normal vectors along / by 

The Willmore functional is scale invariant and moreover invariant under the full Mobius 
group of R n . As the Mobius group is non-compact, minimizers of the Willmore energy 
cannot be found via the direct method. 

In [KuSch06], we investigated the relation of the pull-back metric g to constant 
curvature metrics on S after dividing out the Mobius group. More precisely, we proved 
that for immersions /:£—>■ W l , n = 3,4, and genus p = > 1 satisfying 

< yV„ iP - 5 for some 5 > , where 



(1.2) 



m, P = min(8vr, 4vr + Y,M k ~ 4?r ) I T,kPk =p,0<Pk<p), 
W 4 , p = min(8^, ft + 8tt/3, 4tt + Z k (J% k - 4vr) | E k Pk = P,0 < Pk < p), 

and 

/3™ := inf{W(/) | / : S -> R n immersion, p(S) = p }, (1.3) 

there exists a Mobius transformation <3? of the ambient space R n such that the pull-back 
metric g = (<£ o f)*g euc differs from a constant curvature metric e~ 2u g by a bounded 
conformal factor, more precisely 

II U ||loc(E), II Vn ||L2(S,g)< C(p,S). 

In this paper, we consider conformal immersions /:£—>■ M n of a fixed closed Riemann 
surface S and prove existence of minimizers in this conformal class under the above 
energy assumptions. 

Corollary 7.3 Let T, be a closed Riemann surface of genus p > 1 w«£/i 

inf{W(/) | / : S — >■ M n conformal immersion } < W niP , 

w/iere yV„ iP is defined in (1.2) above and n = 3, 4 . 

TTten i/iere existe a smooth conformal immersion /:£—>■ R n which minimizes 
the Willmore energy in the set of all conformal immersions. Moreover f satisfies the 
Euler-Lagrange equation 

A 9 H + Q(A°)H = g ik g jl A%q kl on S, 
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where q is a smooth transverse traceless symmetric 2-covariant tensor with respect to 

9 = f*9euc ■ □ 
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2 Direct method 

Let £ be a closed orientable surface of genus p > 1 with smooth metric g satisfying 

W(E,g,n) := inf{W(/) | / : S -)• M n conformal immersion to g } < W n , p , 

as in the situation of Corollary 7.3 where W n , P is defined in (1.2) above and n = 3,4 . 
To get a minimizer, we consider a minimizing sequence of immersions f m : £ — >■ M n 
conformal to g in the sense 

W(/ m ) — >■ inf{W(/) | / : £ — >■ R n conformal immersion to g }. 

After applying suitable Mobius transformations according to [KuSch06] Theorem 4.1 we 
will be able to estimate f m in W 2,2 (Y>) and W 1 ' 00 ^) , see below, and after passing to a 
subsequence, we get a limit / € W 2,2 (£) D W^ 1,oc (£) which is an immersion in a weak 
sense, see (2.6) below. To prove that / is smooth, which implies that it is a minimizer, and 
that / satisfies the Euler-Lagrange equation in Corollary 7.3 we will consider variations, 
say of the form / + V . In general, these are not conformal to g anymore, and we 
want to correct it by / + V + X r V r for suitable selected variations V r . Now even these 
are not conformal to g since the set of conformal metrics is quite small in the set of all 
metrics. To increase the set of admissible pull-back metrics, we observe that it suffices for 
(/ + V + X r V r ) o <fi being conformal to g for some diffeomorphism (f> of S . In other 
words, the pullback metric (/ + V + X r Vr)*9euc need not be conformal to g , but has to 
coincide only in the modul space. Actually, we will consider the Teichmuller space, which 
is coarser than the modul space, but is instead a smooth open manifold, and the bundle 
projection tt : M. — > T of the sets of metrics M. into the Teichmuller space T , see 
[FiTr84], [Tr]. Clearly W(£,<7, n) depends only on the conformal structure defined by 
g , in particular descends to Teichmuller space and leads to the following definition. 

Definition 2.1 We define M. v<n : T — >■ [0, oo] for p > l,n > 3, by selecting a closed, 
orientable surface S of genus p and 

•M-p,ti(t) := inf { W(/) |/:£—>- W l smooth immersion, ir(f* g euc ) = r }. 

□ 

We see 

M p , n {K{g))=W(X,g,n). 

Next, inf T A / f Pi n(r) = /3™ for the infimum under fixed genus defined in (1.3), and, as the 
minimum is attained and Air < /3™ < 8tt , see [Sim93] and [BaKu03], 

47r < min _M Pin (r) = /3" < 8ir. 
In the following proposition, we consider a slightly more general situation than above. 
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Proposition 2.2 Let f m : £ — >■ R™,n = 3,4, be smooth immersions of a closed, ori- 
entable surface £ of genus p > 1 satisfying 

W(fm)<W n , p -5 (2.1) 

and 

n(fm9euc) ->• t in T. (2.2) 

T/ien replacing f m by <I> m o f m o (f> m for suitable Mobius transformations <3? m anc? 
diffeomorphisms <j) m of X homotopic to the identity, we get 



limsup || / m || W 2,2 (E )< C(p,(5,r ) (2.3) 

TO— S-OO 

and fm9euc = e 2Um gpoin,m for some unit volume constant curvature metrics g po in,m with 



II u m || L oc (s) ,|| Vn m ||L2(s, 9poin , m )< C(p,5), 

9poin,m ^ 9poin Smoothly 

with Ti{g po in) = To . After passing to a subsequence 

f m ^ f weakly in VF 2 ' 2 (S), weakly* in W 1 * 00 ^), 
u m — > u weakly in W 1,2 (E), weakly* in L°°(S), 

and 



(2.4) 



(2.5) 



/ 9euc — 6 9poin (2-6) 

tw/iere (/*« euc )(X,y) := (d x f,dyf) for X,Y G TS . 
Proof: 

Clearly, replacing / m by <3? m o / m o ^> m as above does neither change the Willmore energy 
nor the projection into the Teichmiiller space. 

By [KuSch06] Theorem 4.1 after applying suitable Mobius transformations, the pull- 
back metric g m := fm9euc is conformal to a unique constant curvature metric e~ 2Um g m =: 
9poin,m of unit volume with 

OSCY,U m ,\\ Vu m ||l,2( Ej9m )< C(p,S). 

Combining the Mobius transformations with suitable homotheties, we may further assume 
that f m has unit volume. This yields 



and, as g po in,m has unit volume as well, we conclude that u m has a zero on £ , hence 

II IIl-(e), II Vn m \\ L 2 ( ^ gpomm) < C(p,8) 

and, as f m 9euc = 9m = 6 m g P oin,m j 

II V/ m ||L-(E, 9poln , m )< C(p,(5). 
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Next 

^■g P oin,mfm = e m Ag m f m = e m Hj m 

and 

II A f ll 2 o < p 2maxM m / itt |2 2u m A., 

II ^gpoi^mJm llL 2 (E,g poi „ >m ) — ^ / l n /ml e U M3 pol n,m _ 

S 

= 4e 2maxUm W(/ m ) < C(p, <5). (2.7) 

To get further estimates, we employ the convergence in Teichmiiller space (2.2). We 
consider a slice S of unit volume constant curvature metrics for tq G T , see [FiTr84], 
[Tr]. There exist unique g po in,m G 5 with Tr(g pointm ) = ir(g m ) -)• r for m large enough, 
hence 

( t ) m9poin,m = 9poin,m 

for suitable diffeomorphisms 4> m of £ homotopic to the identity. Replacing f m by f m o 

</> m , we get g po in,m = 9poin,m & <5 and 

5 P om,m -> 5poin smoothly 
with <7 po i ra G <S,ir(g P oin) = To • Then translating f m suitably, we obtain 

II fm ||l°°(e)< C(p,5). 
Moreover standard elliptic theory, see [GT] Theorem 8.8, implies by (2.7), 

II fm 

|| H /2,2( S) < C(p,5,g poin ) 

for m large enough. 

Selecting a subsequence, we get f m — >■ / weakly in Vy 2 ' 2 (S),/ G W 1,00 (£), D/ m — >■ 
D/ pointwise almost everywhere, weakly in W 1,2 (S), pointwise almost every- 

where, and u G L°°(£) . Putting g := f*g euc , that is g(X,Y) := (d x f,dyf) , we 
see 

5 (X,Y) <- (dxf m ,dyf m ) = g m {X,Y) = e 2u ™g poin , m {X,Y) -> e 2 " 5pom (X,y) 
for TS and pointwise almost everywhere on £ , hence 

/* 2u 
geuc — 9 — 6 g P oin- 

III 

We call a mapping / G W 1 ' 00 ^,!*") with g := f*g euc = e 2u g poin ,u£ L°°(S) as in (2.6) 
a weak local bilipschitz immersion. If further / G W 2 ' 2 (T,,M. n ) , we see g,u G W l,2 {Y>) , 
hence we can define weak Christoffel symbols r G L 2 in local charts, a weak second 
fundamental form A and a weak Riemann tensor R via the equations of Weingarten 
and Gaufi 

<hjf \yhJ I A, r 
Rijki = {Aik,Aji) — (Aij,Aki). 
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Of course this defines H, A°,K for / as well. Moreover we define the tangential and 
normal projections for V G W 1 ' 2 ^, R n ) D L°°(S, R n ) 

TTf.V := g ij (dif,V)djf, nf.V := V - 7rj;.V G W 1 ' 2 ^, R n ) n M n ). (2.8) 

Mollifing / as in [SU83] §4 Proposition, we get smooth f m : £ -)• R n with 

/ m -> / strongly in VF 2 ' 2 (£), weakly* in W 1,00 (£) (2.9) 

and, as Df G W 1 ' 2 , that locally uniformly swp\ x _ y i < Q/ m d(Df m {x),Df(y)) — > . This 
implies for that the pull-backs are uniformly bounded from below and above 

c g < r m 9euc < Cg (2.10) 

for some < Co < C < oo and m large, in particular f m are smooth immersions. 

3 The full rank case 

For a smooth immersion / : S — > W 1 of a closed, orientable surface E of genus p > 1 
and F G C°°(i;,]R n ) , we see that the variations f + tV are still immersions for small 
t . We put g t := (f + ty)*s> euc , g = g = f*g euc and define 

SiTf.V := dir g .d t g t \ t=0 . (3.1) 

The elements of 

V f --Sirf.C^i^R 11 ) C T Wfl T 

can be considered as the infinitessimal variations of g in Teichmiiller space obtained by 
ambient variations of / . We call / of full rank in Teichmiiller space, if dim V/ = dim T ■ 
In this case, the necessary corrections in Teichmiiller space mentioned in §2 can easily be 
achieved by the inverse function theorem, as we will see in this section. 

Writing g = e 2u g po i n for some unit volume constant curvature metric g po in by 
Poincare's Theorem, see [FiTr84], [Tr], we see n(gt) = Tr(e~ 2u g t ) , hence for an orthonor- 
mal basis q r (g P oin),r = !,•••, dim T, of transvere traceless tensors in Sj T (g po i n ) with 
respect to g poin 

dTTf.V = d7r g .d t gt\t=o = d7r g pom -e- 2u d t gt\ t= o = (3.2) 

dim T 

= ^ ( e ' 2U dtgt\ t =0-q r (gpoin)) g pom dTT gpmn .q r (g poin ). 
r=l 

Calculating in local charts 

9t,ij = 9ij + t(dif, djV) + t(djf, diV) + t 2 (d t V, djV), (3.3) 

we get 

(e 2U d t gt\t=Q,q r {gpoin)) g poin = j gp k oin^ V oin e 2U ^t9t,ij\ t=0 qkl(9poin) dfig pmn = 

s 



6 



= 2 J g^g^idif^jVUUgpoin) dv g = 
s 

= -2 J g lk g' l (^ff,V) q r kl (g pom ) d^-lj <fV^/, V)V 9 jq r kl (g poin ) d/x g = 

E E 

= -2 j g* k gi l {A%,V)qUg pom ) du g , 
E 

as q G S 2 TT (g po i n ) = S2 T {g) is divergence- and tracefree with respect to g . Therefore 

dim T „ 

<W-^ = 2 2 / a^g^idif^^ql^gpoin) du g dir gpoin .q r (g poin ) = 



r=l s 



dim T 



S -2 / ^V'^.^gwCftwin) d/u 9 dir gpoin .q r (g poin ), (3.4) 

r=l £ 

and <57Tj and V/ are well defined for weak local bilipschitz immersions / and V G 
VF 1 - 2 ^) . 

First, we select variations whoose image via <57Tj form a basis of V/ . 

Proposition 3.1 For a weak local bilipschitz immersion f and finitely many points 
Xo, . . . ,xn G £ , f/iere exzsi Vi, . . . , Vdi m V/ £ Co°(£ ~~ { x 0j ■ ■ ■ , %n}, such that 

Vf = span {5iif.V s \ s = 1, . . . , dim V/ }. (3-5) 

Proof: 

Clearly 5n f : C°°(£,IR n ) -»• T wgpoin T is linear. For suitable C C°°(£,IR n ) , we obtain 
a direct sum decomposition 

C°°(£,R n ) = feer ^vr/ FF 

and see that <57Tj|VF — > im Swf is bijective, hence dim W = dim V/ and a basis 
Fi, . . . , FdimVy- of W satisfies (3.5). 

Next we choose cutoff functions tp e G CQ 3 (U^ =Q B e (xi c )) such that < ip e < l,tp e = 
1 on U k w =0 B s / 2 (x k ) and |V<p e | g < Cg^ 1 , hence l-<p e G C£°(£-{x 0! . . . ,x N }),l-ip e ->■ 
1 on £ — {xo, • • • , xjv}, / s | V^^lp d/x g < Cg — > for g — > . Clearly ip m V s G Cq°(S — 
{x ,...,x;v},M n ) and by (3.4) 

<57T/.((y5 m F s ) ->• <57T/.F S , 

hence <p m Vi, . . . , <p m VdimVf satisfies for large m all conclusions of the proposition. 

/// 

We continue with a convergence criterion for the first variation. 
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Proposition 3.2 Let f : £ — > W 1 be a weak local bilipschitz immersion approximated 
by smooth immersions f m with pull-back metrics g = f*g euc = e 2u g poin ,g m = f^geuc = 
e 2Um g poirim for some smooth unit volume constant curvature metrics g po im 9p<rin,m an d 
satisfying 

/m -> / weakly in VF 2 ' 2 (£), weakly* in W 1 ' 00 ^), 

A -1 Spom <9m< Ag poin , (3.6) 

II n m ||l°°(£)< A 

/or some A < oo . Then for any W G L 2 (S,]R n ) 

os m — >■ oo . 

Proof: 

By (3.6) 

g m = fmdeuc -> /*fcc = 5 weakly in W 1 - 2 ^), weakly* in L°°(E), 

r L« r 5« weakl y in l2 ' 

A / m ,« . -»• ^/,« . A °f,ij weakl y in ^ 2 . 

!\K g J^ gm <\f\A fm \ 2 A^ gm <C, 
e s 



(3.7) 



hence by [FiTr84], [Tr], 

Q (9poin,m) ^ Q {gpoin) 

d 7T g po in,m- < l (gpoin,m) ~ > dTTg poin .q {g P oin 



weakly in VF 1 ' 2 (S), 

weakly* in L°°(E), (3.8) 



Then by (3.4) 



dim T 



^2 ~ 2 9m9m(A f m , ij ,W)q r kl (g poin , m ) d/i 9m dir gpoin tm .q r (g po in,r. 

< 1 i 

->■ 57Tf.W. 
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In the full rank case, the necessary corrections in Teichmiiller space mentioned in §2 are 
achieved in the following lemma by the inverse function theorem. 

Lemma 3.3 Let f : £ — > W 1 be a weak local bilipschitz immersion approximated by 
smooth immersions f m satisfying (2.2) - (2.6). 

If f is of full rank in Teichmiiller space, then for arbitrary xo 6 
S, neighbourhood U*(xq) C S o/xq and A < oo , i/iere exists a neighbourhood U(xq) Q 
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U*(xo) of xo , variations Vi,...,Vdi m T £ C^°(S — U(xq), W 1 ) , satisfying (3.5), and 
5 > 0, C < oo, m G N such that for any V G Cq°(U(xo), W 1 ) with f m + V a smooth 
immersion for some m > ttiq , and V = or 



A Qpoin — {fm ~\~ V) S'euc ^ ^-Qpoini 

II ^ llw 2 > 2 (£)< A , (3.9) 

/ l^/m+v| 2 d^ /m+y < e (n), 
t/.(x ) 

where £o(n) is as in Lemma A.l, and any r G T wi/i 

dr(r,r )<(5, (3.10) 

i/tere exists A G R dim ' 7 ~ satisfying 

7r((/m + ^ + A r y r )*c/ euc ) = r 

and 



|A| <Cd r (7r((/ m + y)* 5euc ),r). 



Proof: 

By (2.3), (2.4) and A large enough, we may assume 



II u m ,Df m || vK 1 . 2 (s)nL°°(s)< A, 

-1 * v3-HJ 

A Qpoin ^ fmdeuc ^ ^9poim 

in particular 

/ |A /m | 2 d/x /m <C(S,^ n ,A). (3.12) 
s 

Putting i/ m := |V^ po . n / m |^ po . n /i flpoi „ , we see i/ m (S) < C{k,g poin ) and for a subsequence 
f m — ► weakly* in Cg(S)* . Clearly i/(S) < oo , and there are at most finitely many 
2/1) • • • j UN G £ with ^({yi}) > £i , where we choose ei > below. 

As / is of full rank, we can select V\, . . . ,V& m j- G Cq°(T, — 
{xo, y±, . . . , qn}, K n ) with span{S7r f .V r } = T 9poin T by Proposition 3.1. We choose a 
neighbourhood £7o(xo) C ?7*(xo) of xo with a chart </?o : C^oO^o) ~~ ^2(0), <fo(xo) = , 

swpp V r n ?7o(xo) = for r = 1, . . . , dim T, 

put xo G ?7 e (xo) = </?g 1 (.B e (0)) for < g < 2 and choose xo G U(xq) C CT^O^o) small 
enough, as we will see below. 

Next for any x G U d ™ 7 supp V r , there exists a neighbourhood J7o(x) of x with a 
chart y> x : Uq(x) B2 (0) , <p x (a;) = 0,Uo(x) PI J7o(xo) = 0, i/(C/o(a;)) < £1 and in the 
coordinates of the chart (p x 

j dpoinffioindpoin^s^ ' g poin ,ij^ g poin ,kl d^g poin < £\- (3.13) 
Uo(x) 
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Putting x G Ug{x) = ip x 1 (B g (0)) CC Uq(x) for < g < 2 , we see that there are finitely 
many x±,...,xm £ U^^'supp V r such that 

U?™ T supp V r C U^l 1 [/ 1/2 (x fc ). 

Then there exists mo G N such that for m > mo 

/ l V Ln/-lLn d Mfl PO in < ^ for fc = 1, . . . , M. 

l/l(Xfc) 

For V and m > mo as above, we put f nij \ := / m + V + A r F r . Clearly 

supp{f m - f mjX ) C Ufc£ LT 1/2 (x A: ). 

By (3.9), (3.11), (3.13), and |A| < Ao < 1/4 small enough independent of m and V , 
A is a smooth immersion with 

(2A)~ 1 g poin < g m ^ ■= f m ,\9euc < 2Ag poin , (3.14) 

and if V / by (3.9) and the choice of Uq(x) that 

/ \ A f m / d ^ ^ £ o(n) for fc = 0,...,M 

^i(^fe) 

for C(A,5 poin )(£i + A ) < e Q (n) . If V = , we see supp(f m - / m , A ) C U^ =1 LT 1/2 (a; A: ) . 
Further by (3.12) 

J\ K ~9m,x\ d Vg m ,x <\ J\ A f m J 2 d ^ m ,A < 
s s 

I M 

< j y l A /™l 2 d ^/™ + 2 ^ / |A /™,aI 2 d/i W ^ C(S,<7 poin ,A) + (M + l)eo(n). 

s fc=0 ^i/ 2 (^ fe ) 

This verifies (A. 3) and (A. 4) for / = f m , f = f mj \,go = g po in and different, but appropri- 
ate A . (A. 2) follows from (2.4) and (3.12). Then for the unit volume constant curvature 
metric g po i n ,m,\ = e~ 2Um,x 9m,\ conformal to g m ^\ by Poincare's Theorem, see [FiTr84], 
[Tr], we get from Lemma A.l that 

II u m:X II Vu m , A ||l2(s,9 poi „)< C (3.15) 

with C < oo independent of m and V . 

From (3.9), we have a W 2 ' 2 n W 1 ' 00 — bound on / , hence for f m ,\ ■ On T, — U(xq), 
we get f mt x = f m + X r V r ->• / weakly in VF 2 ' 2 (£ - £/"(xo)) and weakly* in W 1,00 (S - 
U(x )) form ->• oo,A ->• by (2.5). If V = , then / m>A = f rn + KV r ->• 
/ weakly in VF 2 ' 2 (£) and weakly* in W 1 ' 00 ^) for m -»• oo,A -»• by (2.5). Hence 
letting mo — > oo, Ao — > 0, £/ (xo) — > {xo} , we conclude 

L,x -»• / weakly in VF 2 > 2 (£), weakly* in W 1 ' 00 ^), (3.16) 
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in particular 

,* _ 2u \ weakly in W 1 ' 2 ^), 

9m, A r J geuc — 6 9poin — • 9 \ 

( weakly* in L°°(S). 
Together with (3.14), this implies by [FiTr84], [Tr], 

n{g m ,\) ->• tq. (3.17) 

We select a chart i\) : U(7r(g po i n )) Cf-> R dimr and put ir := ip o tt, Stt = dip o c^r, Vj : = 
dipTTg poin -Vf ■ By (3.17) for mo large enough, Ao and f/(a?o) small enough independent 
of V , we get TT(g m ,x) G ^( r o) an d define 

$ m (A) := 7r(5m,A)- 
This yields by (3.4), (3.14), (3.15), (3.16) and Proposition 3.2 

D$ m (\) = (% mjA .y r ) r =i 1 ... 1 dimT -> (<%-K)r=l,...,dimT == ^ G R dim ^>< dim ^. 

As span{ e>7rj. F r } = T 9poin T = M dim7 ~ , the matrix A is invertible. Choosing mo large 
enough, Ao and U(xo) small enough, we obtain 

|| D$ m (\)-A\\<l/(2 || A' 1 ||), 

hence by standard inverse function theorem for any £ G R dim7 ~ with |£ — <& m (0)| < \q/(2 \\ 
A- 1 ||) there exists A G S >() (0) with 

<*> m (A) = £, 
|A| < 2 || A' 1 || |£-$ m (0)|. 

As 

dr(jr((fm + V)*g euc ),T^j < d r (ir(g ),T ) + d r (r ,r) < d T (ir(g ), r ) + 5 

by (3.10), we see for (5 small enough, mo large enough and U{xq) small enough by 
(3.17) that there exists A G M dimT satisfying 

7I"((/m + V" + KV r )*g e uc) = ^{9m,\) = T, 

|A| < Cd T (ir((fm + V)*g euc ),T), 

and the lemma is proved. 

/// 

4 The degenerate case 

In this section, we consider the degenerate case when the immersion is not of full rank in 
Teichmiiller space. First we see that the image in Teichmiiller space looses at most one 
dimension. 
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Proposition 4.1 For a weak local bilipschitz immersion f G W 2 ' 2 (E,R n ) we always 
have 

dim V f > dim T- 1. (4.1) 

If f is not of full rank in Teichmiiller space then f is isothermic locally around all but 
finitely many points of £ , that is around all but finitely many points of £ there exist 
local conformal principal curvature coordinates. 

Proof: 

For q G Sj T {g poin ) , we put A q : C°°(£,IR n ) -> R 



A 9 .V:=-2 1 g ik <? l (A%,V)q kl du 9 



and define the annihilator 

Ann := {q G Sf T \g po i n ) | A g = }. 
As dirg pmn \S2 T (g P oin) -» T 9pmn T is bijective, we see by (34) and elementary linear algebra 

dim T = dim V/ + dim Ann. (4.2) 

Clearly, 

q^Ann^ g lk g ]l A%q kl = 0. (4.3) 

Choosing a conformal chart with respect to the smooth metric g po in , we see gij = 
e 2v 5ij for some v G W 1 ' 2 n L°° and A^ = -^22^12 = A 2i^Qu = -922,912 = 921 , as 
both A and q G 5'<f T (9pom) are symmetric and tracefree with respect to 9 = e 2u g po i n . 
This rewirtes (4.3) into 

g G Ann ^=> A u q u + A? 2 gi 2 = 0. (4.4) 

The correspondance between (gpoin) and the holomorphic quadratic differentials is 
exactly that in conformal coordinates 

h := gn — iqu is holomorphic. (4.5) 

Now if (4.1) were not true, there would be two linearly independent q l ,q 2 G Ann by 
(4.2). Likewise the holomorphic functions h k := q^ — iq\ 2 are linearly independant 
over M , in particular neither of them vanishes identically, hence these vanish at most at 
finitely many points, as S is closed. Then h 1 /h 2 is meromorphic and moreover not a 
real constant. This implies that Im(h l /h 2 ) does not vanish identically, hence vanishes 
at most at finitely many points. Outside these finitely many points, we calculate 

Im(h 1 /h 2 ) = \h 2 \- 2 Im(h 1 ¥) = \h 2 \- 2 det 1 ^ 9 ™ 



hence 



ill 1I2 



oil 112 

det I I vanishes at most at finitely many points 

9n 9 2 2 
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and by (4.4) 

A = 0. (4.6) 
Approximating / by smmoth immersions as in (2.10), we get 

V fc H = 2g ij ViA° jk = weakly, 

where V = D 1 - denotes the normal connection in the normal bundle along / . Therefore 
|H| is constant and 

d k U = g ij (d k H, djf)dif = -^'(H, A jk )dif weakly. 

Using A 9poin f = e 2u A g f = e 2n H and u G W 1,2 n L°° , we conclude successively that 
/ G C°° . Then (4.6) implies that / parametrizes a round sphere or a plane, contradicting 
p > 1 , and (4.1) is proved. 

Next if / is not of full rank in Teichmiiller space, there exits q £ Ann — {0} 7^ 
by (4.2), and the holomorphic function h in (4.5) vanishes at most at finitely many 
points. In a neighbourhood of a point where h does not vanish, there is a holomorphic 
function w with (w 1 ) 2 = ih . Then w has a local inverse z and using w as new local 
conformal coordinates, h transforms into (h o z)(z') 2 = —i , hence qu = 0,(712 = 1 in 
w— coordinates. By (4.4) 

A l2 = 0, 

and w are local conformal principal curvature coordinates. 

/// 

Since we loose at most one dimension in the degenerate case, we will do the necessary 
corrections in Teichmiiller space mentioned in §2 by investigating the second variation in 
Teichmiiller space. To be more precise, for a smooth immersion / : S — > M. n with pull-back 
metric f*g eU c conformal to a unit volume constant curvature metric g po in = e~ 2u f*9e 
by Poincare's Theorem, see [FiTr84], [Tr], we select a chart ip : U(ir(g po i n )) C T 
put ir := ip o tt, Vf := dip W g pmn .Vf , and define the second variation in Teichmiiller space 
of / with respect to the chart tp by 

6 ^ f{v) ■= (jS m+tvY9euc) \ t= »- (47) 

Putting f t := f + tV,g t := f?g e uc,g = 9o , we see ir(g t ) = 7r(e~ 2u g t ) and calculate 

5%(V) = [^) 2 fr(e- 2u g t ) lt=0 = 

= d7r gpmn .(e~ 2u (dtt9t)\t=o) + d% poin (e- 2u (d t g t ) lt=0 , e' 2u (d t g t ) lt=0 ). 
Decomposing 

e~ 2u (d t gt)\ t =o = ogyoin + C x g P oin + q, (4.8) 

with a £ C°°(S), X G X(T,),q £ S^ 7 \g po in) , we continue recalling {ag poin + C x g P oin} = 
ker dTT 9pmn by [FiTr84], [Tr], and 

5 2 7T f (V) = dng pmn .(e- 2u (dttgt)\t=o) + d 2 n gpoin (ag poin + £xg P oin + q,<Tgpoin + £xg = 



jeuc 
pdim T 
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= dTT 9poin .(e 2u (d t tgt)\t=o)+d 2 Kg pm Xq,q)+d 2 n gpm Sagpmn+Cxg P oin,(Tgpoin^ = 
= d7r gpmn .^e- 2u (d t tgt)\t=o ~ £x£xg P oin - 2a£ x g P oin - 2aq - 2£ x <?) + d 2 iVg pom (q, q). 

For an orthonormal basis q r (g po in),r = 1, . . . , dim T, of transverse traceless tensors in 
£>2 T {g po i n ) with respect to g po in , we obtain 



dim T dim T 

S 2 7r f (V)= a r dTTg pom .q r (g poin ) + ^ PrPs d 2 7rg pmn (q r (g poin ),q s (g poin )), (4.9) 

r=l r,s=l 

where 



= I 9 p k oin9 p oin[ e 2U {d tt gt)\t=Q-^xCxg P oin-2aC X g P oin-2(Tq-2Cxq) . f kl {g P oin) ^g poin , 

Pr ■= j 9toin9p 1 oin<li3<lil(9poin) dfig poin . (4.10) 

Since 

£x£-Xg P oin,ij = g p oin(^m^ o£-Xg P oin,ij ~\~ V iX m Hx 9 P oin,jo ~\~ V ' jX m /lx9poin,oi^ i 

we get integrating by parts 

«r = y g p k oi n g p oin( e ~ 2u ( d ttgt)\t=o - 2aC x g P oin - 2aq - 2C x q) ..qli{g P oin) dfi 9poin + 



+ 



J g p oing p oin9 P oiJ^ oX m Cxg P oin,ij V 'iX m Cx gpoin, jo V jX m £x9poin,oij(lkl(9poin) d^g po ir^~ 

+ y 9pcnn9^oin9pcnn^rn^X9poin,ij^oQkl(gpoin) d^ 9poin . (4-H) 
£ 

For a weak local bilipschitz immersion / G W^ 2 ' 2 (£,R n ) and V G W 1,2 (£,M n ) , we see 
5 G r- 2 (S), tt G W 1 ' 2 (S) n L°°(£), (5 t5t )| t=0 G L 2 (S), and (^)| t=0 G L 1 ^) by (3.3). 
Then we get a decomposition as in (4.8) with a G L 2 (T,),X G -Y 1 (S),q G 5j T (S) C 
5 2 (E) . Observing that q r {g poi n) G S^E) C S 2 (E) , we conclude that 5 ttj is well 
defined for weak local bilipschitz immersions / G PT 2 ' 2 (X!, ]R n ) and V G W 1,2 (£,R n ) by 
(4.9), (4.10) and (4.11). 

Proposition 4.2 For a weak local bilipschitz immersion f G VF 2 ' 2 (E, M ra ) , which is not 
of full rank in Teichmiiller space, and finitely many points xi, . . . ,xn G S , i/iere exisi 
Vi, . . . , Vd imT -i, V± G C °°(£ - {xi, . . • ,xjv},E n ) swc/i tfurf 

V/ = span {(57T/.V; | s = 1, . . . , dim T - 1 } (4.12) 

and for some e _L Vy, \ e\ = 1, 

±(<5 2 ^/(y±),e) > 0, OTT/.Vi = 0. (4.13) 
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Proof: 

By Proposition 4.1, there exists xo 6 S - {xi, . . . , xn} such that / is isothermic around 
xo . Moreover, since S is not a sphere, hence A does not vanish almost everywhere 
with respect to [x g , as we have seen in the argument after (4.6) in Proposition 4.1, we 
may assume that 

x G supp \A°\ 2 fi g . (4.14) 

By Proposition 3.1, there exist Vi, . . . , VdimT-i G C^(Y> — {x , . . . , XAr},M n ) which satisfy 
(4.12). Next we select a chart </? : U{xq) —t Bi(0) of conformal principal curvature 
coordinates that is 

9 = e 2v g euc , A 12 = 0, (4.15) 

in local coordinates of 92 and where v G VF 1,2 (i?i(0)) n L°°(5i(0)) . Moreover, we 
choose U (xo) so small that U (xo) PI supp V s = for s = 1, . . . , dim T — 1, and U{xq) Pi 
{xi, . . . ,x N } = . For any V G W l > 2 (Z,R n ) n L°°(£) with supp V C {7(x ) , there 
exists a unique 7 G Rd™ 17 ^ 1 SU ch that for V := V - -y s V s G W 1 ' 2 ^^ 1 ), supp V C 
£ - {xi, . . . ,Xat} 

Sftf.V = 0. (4.16) 

By (3.4) 

M < C|(57r/.Vb| < C || A ||L2( supp y ,g) || V \\l°°(u(x ))i (4.17) 

where C does not depend on Vq . By (3.2), we get for the decomposition in (4.8) that 
q = . We select the orthonormal basis q r (g po in),f = l,...,dim T, oiS% T (g po in) 
with respect to g poin , in such a way that dTT gpoin .q r (g poin ) G V/ for r = 
2, . . . ,dim T, and {d% gpom .q 1 (g poin ),e) > . Putting 

W) := J g p oing p oin( e ~ 2U ( d ttgt)\t=0 - 2CT £-X gpoin) ..qll(9poin) ^ 9poin + 

s 

+ J g p oing p oin9 P oiJ^ ' oX m Cx9poin,ij — ^ ^X m Cx9poinjo—VjX m Cx9pcrin,o^Qkl(9poin) d-Ug poin 
+ J 9 p ^n9p^n9 p ^n^rn^X9poin,ij^oqh(9pmn) d ^9 poi „- ( 4 -18) 



S 

we obtain from (4.9), (4.10) and (4.11) 

(S 2 7r f (V),e) = {d% gpoin .q\g poin ),e) I(V ). 

As I(V 0>m ) -»• /(Vb) for y ,m -> ^0 in W 1,2 (S,R n ) , it suffices to find V respectively V G 
W 1 ' 2 ^) such that 

±/(Vb) > 0. (4.19) 

Recalling 5-frf.W G V/ _L e for any W G C°°(S,IR n ) , we see in the same way by (3.4) 
that 

= (5n f .W,e) = -2 J g ik / {A^^qUg^) du g {d^ gpmn .q l (g p 
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hence, as (d7r Spoi „ V(3poira), e) > and lV~ G C°°(S,]R n ) is arbitrary, 
g ik gi l A%q l kl (g poin ) = . We get by (4.15) that A^ql^g^) = in B^O) = U(x ) 
and by (4.14), as <7n(# p0 m) ~ iql 2 (9 P oin) is holomorphic, 



111 idpoin) — Q22 idpoin) — 0, 
q\ 2 =: q 1 G M - {0} 



in Bi(0) ^ E/(s ) (4.20) 



in local coordinates of ip . 

Next we consider Vq to be normal at / and calculate by (3.3) that 

(d t gt,ij)\t=o = (dif,djV) + {djfAV) = 
= -2(Aij, V ) - ls (dif, djV s ) - la (djf, d t v s ), 

hence by (4.20) 

II (dt9t)\t=o IIl2(s)< 2 || A \\ L 2 {suppVo ^\\ V ||loc (s) +C\j\ < 

< C II -4 ||L2(suppVo,s)ll v o Hl°°(£) • 
As above we can select a G L 2 (Y>),X G ^ X (S) in (4.8) such that 

II G lli 2 (£)> II ^ || Vl/L2( S )< C || A ||L2( SMpp y 0)9 )|| Vb ||l°°(E)) 

where C does not depend on Vq . We get from (4.18) 



^O^o) - j 9p k oin9poin e 2U (dttgt,ij)\t=0 Qklidpoin) &Hg po i n 



< C II ^4 Hi2( supp y 0)ff )|| Vq |||oo( S ), 



(4-21) 

where C does not depend on Vq . 

We continue with (3.3) and get, as supp Vq n supp V s = for s = 1, . . . , dim T — 1 , 

(fltt0Mi)it=o = WMdjV) = 2{d t VQ,d j VQ) + lrls {d t v r ,d j v s ). 

As 

9p k oin9 j po in e- 2u 2 lrls {d, i y r , djVMgpoin) dfi 9poin 



< 



<C\^<C\\A\\i 2{suppVoig) \\V \\U {i:) 

and 

/ g% l n9i l ne- 2u mV^d VQ)q l kl (gp Om ) d» 9poin = J Aq'e^ (d 1 V ,d 2 V ) d£ 2 , 

£ Si(0) 

where we identify ?7(xo) = -Bi(O) , we get from (4.21) 

I(V )- J Ve" 2 ^5 1 y ,9 2 Fo)d£ 2 |<CM||i 2(suppy0i9) ||y ||| 00(s) , (4.22) 

Bi(0) 

where C does not depend on Vq . 
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Perturbing xq = in U(xq) — -Bi(O) slightly, we may assume that is a Lebesgue 
point for V/ and v . We select a vector A/"o G K n normal in f(0) at / and define via 
normal projection M := 7rfM G W^B^O), M n ) , see (2.8). Clearly, J\f(0) = Af , and 
is a Lebesgue point of M . For 77 G Cg°(.Bi(0)) , we put r? e (y) := i r )(g~ 1 y) and Vb := ffeA/' 
and calculate 



J (d 1 v ,d 2 v )e- 2v dC 2 = j d ing d 2 i le \M\ 2 e~ 2v dC 2 + j (d lVe )7 ] ,(M,d 2 M)e~ 2v dC 2 + 

h(0) Bi(0) Bi(0) 

+ J ri e d 2 ri e {d 1 N,N)e- 2v dC? + J rj 2 {diN,d 2 N)e~ 2v dC 2 . 



Bi(Q) Si(0) 

As II Vr ?e llL 2 (B e (o)) = ll Vr 7 Hl 2 (Bi(o)) , we see 



lim / (8^0,8^0) e~ 2v dC 2 = 
s^o J 

Bi(0) 

= lim / ^^(y)^??^)^^)!^- 2 ^ dy = e' 2v W f d^d^dC 2 . 
e^o J J 

£1(0) £1(0) 

Since || V \\ L °°(i;)<\\ Vg IU°°(B e (o)) = ll ?7 ||l°°(Bi(o)) and II -4 ||l 2 OppV , 3 )^ for g ->• , 
we get 

lim /(r? e AA) = 4g 1 e - 2 ^ ) / fr^fj d£ 2 . 

Bi(0) 

Introducing new coordinates y\ := (yi + y 2 )/V^,y2 '■= (—yi + U2)/V^ , that is we rotate 
the coordiantes by 45 degrees, and putting r)(yi,y 2 ) = £(yi)T(y 2 ) wither G Cg°(] — 
1/2, 1/2 [) , we see 

| d yiV dy 2 V ^ 2 = \j l^l 2 / M 2 " ^ / / l T '| 2 - 

Bi(0) 

Choosing r G Cg°Q -l/2,l/2[),r ^ and £(t) := r(2t) , we get / |£'| 2 = 
2/|r'| 2 ,2/|e| 2 = /|r| 2 and 



3 
4 

Bi(0) 



^^r? dC 2 = - j \t\ 2 j \t'\ 2 > 0. 



Exchanging £ and r , we produce a negative sign. Choosing g small enough and approx- 
imating Vo = rjgM smoothly, we obtain the desired V± G C^°(S — {x±, . . . ,XAr},M ra ) . 

/// 

Next we extend the convegence criterion in Proposition 3.2 to the second variation. 
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Proposition 4.3 Let f : £ — > W 1 be a weak local bilipschitz immersion approximated 
by smooth immersions f m with pull-back metrics g = f*g euc = e 2u g poin ,g m = f^Qeuc = 
e 2Um g poirim for some smooth unit volume constant curvature metrics g po im 9p<rin,m an d 
satisfying 

/m -> / weakly in VF 2 ' 2 (£), weakly* in W 1 ' 00 ^), 

A _1 5pom < g m < Ag poin , (4.23) 

II u m ||l°°(£)< A 

for some A < oo . Then for any chart ip : U(ir(g po i n )) R dim7 ~ , ir := ip o tt, Stt = 

dip o Sir, 5 2 7T defined in (4. 7) and any W G W^ 2 (T,, R n ) 

STT fm .W -> 6ft f.W, 5 2 TT fm {W)^ 5 2 TTf{W) 

as m — > 00 . 
Proof: 

By Proposition 3.2, we know already 6iTf m .W — > Sitf.W and get further (3.7) and (3.8). 

Next we select a slice S(g po in) of unit volume constant curvature metrics for 
n(g P oin) =■ t G T around g poin with ir : S(g poin ) = U{tq) , and q r (g po in) G 
S2 T {g P oin) for ir(g poin ) G J7(to) , see [FiTr84], [Tr]. 

As ir(g po in,m) = n(g m ) -> Tr(g poin ) G f7(r ) = S(g poin ) , there exist for m large enough 
smooth diffeomorphisms m of £ homotopic to the identity with (j)* m g P oin,m ='■ 9poin,m G 

S(g po in) ■ As 7r(g P oin,m) = ^i,9poin,ra) = 7r(<7m) ~~ ^ ^i.9poin) and g po in,m G S(g P oin) j we g e t 

5 P om,m -> smoothly. (4.24) 

The Theorem of Ebin and Palais, see [FiTr84], [Tr], and the remarks following imply by 
(3.7), (4.23) and (4.24) that after appropriately modifying <p m 

4> m , <\>-} -> i(i s weakly in VF 2 ' 2 (£), weakly* in W 1 > 00 (E), (4.25) 

in particular, 

II D(j) m ||vK 1 . 2 (s)nL°°(E)> II D i4>m) llw 1 . 2 (s)nL° o (E)< C (4.26) 

with C independent of m and F . 

For the second variations, we see by (3.3) and (4.23) 

d t ((fm + tWygeuJij ,4=0 = <$/m, W + <^/m, W -> 

-> (Qi/, 9,4F) + (9,/, QiW) = $((/ + tW)*g euc \j , t=0 weakly in WA 2 (£). 
Following (4.8), we decompose 

9euc) \t=0 — O~m9poin,m ~\~ £x rn 9poin,m ~\~ Qm 

with q m G (g po in,m) and moreover recalling (4.26), we can achieve 
II o- m ||iyi,2(s)) II A" m ||vk 2 ' 2 (£)> || q m Ilc 2 (s)< C- 
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For a subsequence, we get a m — > a weakly in W 1,2 (H),X m — > X weakly in T4 /2 ' 2 (S), 
q m -> q strongly in C : (S) with q € Sj T (g poin ) and by (4.25) 

dti{f + tW)*g euc )\ t=0 = ag poin + C x g P oin + q- (4.27) 

Observing from (3.3) that 

(dtt9t,i j )\t=o = mW,d j W), 
we get from (4.9), (4.10) and the equivariance of ir 

dim T dim T 

= a m,r dTTg poinm .q (g po in,m) + ^ ] fim,r@m,s d ^g poin:rn (q (9poin,m)i Q {9poin,m))i 

r=l r,s=l 

where 

a m ,r := / 9^g^{diW,djW)q r u {9 vointm ) d^ 9m + 

~~ i ' 9p^n,m9^oin,m(^ x m£x m 9poin,m + %&m£x m 9poin,rn^ _Qkl(9poin,m) d[ig poinm + 
~ I 9p k oin, m 9poin,m famQm + 2£x m 9m) . (9poin,m) dfJ>g poinm , 

Pm,r '■= j 9poin,m9 P oin,m^rn,ij ( lkl(9poin,m) dfig pmnm . 

By the above convergences in particular by (3.7), (3.8) and (4.24), we obtain 



a m , r -> a r := j g ik '■g jl 2(diW,d j W)q r kl (g po i n ) dfi g + 
s 

- j9p k oin9poin( C xCx9poin + 2aC X 9poin) .Mu{9poin) 
~ I 9po in 9poin ( 2(J Q + 2C Xq) . qll(gpoin) d/X 



Qpoin ' 



/3 m ,r -> /3 r := / 9poin9p i n QijQkl {9poin) d^g poin ■ 

s 

We see from (4.24) 

^ ^g P oin,m( < l (.9pcnn,m) i Q (9poin,m)) ~ > d TTg poin (q (9poin)i < l (,9pcrin))- 

Observing (4.27), we get from (4.9), (4.10) 

S 2 7tf m (W) ^ 6 2 Tc f {W) for any W G VF 1,2 (£,R n ), (4.28) 
and the proposition is proved. 

/// 
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Remark: 

The bound on the conformal factor u m in the above proposition is implied by Proposition 
A. 2, when we replace the weak convergence of f m — > f in W 2,2 (T,) by strong convergence. 

□ 

Now we can extend the correction lemma 3.3 to the degenerate case. 

Lemma 4.4 Let f : £ — > R n be a weak local bilipschitz immersion approximated by 
smooth immersions f m satisfying (2.2) - (2.6). 

If f is not of full rank in Teichmiiller space, then for arbitrary xq G 
S, neighbourhood U*(xo) C £ of xq, and A < oo , there exists a neighbourhood U(xq) C 
t/*(xo) of xq , variations V\ , . . . , Vd \-m t-i ? V+ £ Co°(^ — U(xo),M. n ) , satisfying (4-12) 
and (4.13), and 5 > 0, C < oo, m G N such that for any V G Cfi°(U(x ), W 1 ) with 
fm + y o- smooth immersion for some m > tjiq , and V = or 

A 9poin — {fm ~\~ V) 9euc ^ ^-9poini 

II ^ lliy 2 . 2 (s)< A, (4.29) 
/ l^/m+v| 2 dfi fm+v < e (n), 

where £o(n) is as in Lemma A.l, and any r G T iraft 

dr(r,r )<(5, (4.30) 
i/tere exists A G M dim7 ~ _1 , ytx_j_ G R , satisfying = , 

7r((/m + ^ + A r F r + /i±V±)*5 euc ) = r, 

|A|>±| < Cd r (vr((/ m + y)*<7 euc ),rJ . 
Further for any Ao > , one can choose mo,5 in such a way that for m > mo , 

II V ||w 2 . 2 (s)< 8, 
there exists A G M dimr_1 , /x± G R , satisfying fi+ji- = , 

7r((/m + V + A r F r + /i±V±)*c/euc) = r, 
|£±| < A , 

and 

< 0, fi- = 0, z'/ //+ / 0, 

< 0, /}+ = 0, z/ /i_ / 0. 

Proof: 

By (2.3), (2.4) and A large enough, we may assume 



I u m ,Df m ||vK 1 . 2 (s)nL oo (s)< A, 

A gpoin ^ fm9euc ^ A<7p j n , 



(4.31) 
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in particular 

/ \A f J 2 d» fm <C(X,g poin ,A). (4.32) 
s 

Putting v m := \^ 2 g pm Jm?g pom ^g poin , we see u m {^) < C(A,g poin ) and for a subsequence 
v m — 1 v weakly* in Cg(S)* . Clearly ^(S) < oo , and there are at most finitely many 
yi, . . . ,un G S with ^({j/i}) > £ i j where we choose £i > below. 

By Proposition 4.2, we can select Vi, . . . , VdimT-i. v + = V dimT ,V- = Vd imr+ i G 
CZ°(Z-{x ,y 1 ,...,y N },W l ) satisfying (4.12) and (4.13). 

We choose a neighbourhood Uo(xq) C t/*(xo) of xo with a chart 990 : Uo(xo) ^> 
£ 2 (0),v?o(*o) = , 

supp V r Pi £/o(xo) = for r = 1, . . . , dimT + 1, 

put £0 ^ ^(^0) = 9 9 o 1 (-Se(0)) for < q < 2 and choose xo G C^(xo) C CT^O^o) small 
enough, as we will see below. 

Next for any x G U^° r+1 supjo V r , there exists a neighbourhood U$(x) of x with 

a chart y? x : £/"o(x) —t £2 (0) , y> x (x) = 0,Uq(x) n ^0(^0) = 0> K^oO^O) < £ i an d in the 
coordinates of the chart (p x 

^ 9pom <e 1 . (4.33) 

U (x) 

Putting x G U e {x) = ^(Bgfl)) CC U (x) for < g < 2 , we see that there are finitely 
many x±, . . . , im G U^™ r+1 stipp F r such that 

US T+1 ^KCU^{/ 1/2 (X,). 

Then there exists mo G N such that for m> mo 

J \V 2 9poi J™\l oin d/V, in < £i forfc=l,...,M. 

For F and m> mo as above, we put f m ,\^ := fm + V + X r V r + jJ,±V± . Clearly 

SUpp(f m - f m ) C U^ C/ 1/2 (x fc ). 

By (4.29), (4.31), (4.33), and |A|, \n\ < Xq < 1/4 small enough independent of m and V , 
fm,\,[M is a smooth immersion with 

(2A)~ 1 5 r po i n < g mX v ■= fm,\,ix9euc < 2Aft win , (4.34) 

and if K^O by (4.29) and the choice of U (x) that 

/ l^/ m ,,,J 2d ^ m ,^<^o(n) forfc = 0,...,M 

Ui(x k ) 
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for C{A,g poin )(ei + A ) < e (n) .If V = , we see supp(f m - f m ,\,p) Q U^l 1 C r 1/2 (a; fe ) . 
Further by (4.32) 



/ \K~ a . I du 5 . < - / lA? 



s s 

x M 

< 2/ l^/J'^ + ^E _/ l A / m ,A,J 2d ^,x,M <C(S, 5poin ,A) + (M + l) £o (n). 



fc_C ^i/2(**) 



This verifies (A.3) and (A.4) for f = f m ,f = f mj \ ttl ,g = g po i n and different, but ap- 
propriate A . (A. 2) follows from (2.4) and (4.32). Then for the unit volume constant 
curvature metric g po in,m,\,n = e ~ 2Um ' x '^ 9m,x,n conformal to g m: \^ by Poincare's Theo- 
rem, see [FiTr84], [Tr], we get from Lemma A.l that 



u 



m,\,n II Vfim.A,^ ||z,2(S, 5poi „) < C (4-35) 



with C < oo independent of m and V . 

From (4.29), we have a VF 2,2 PI W 1 ' 00 — bound on / m ,o,o j hence for f m ,\,n ■ 
On S — J7(x ) , W e get fm,x,n = fm + A r F r + /i±V± ->• / weakly in VF 2 ' 2 (S - 
I7(x )) and weakly* in W 1 ' 00 ^ - C/(x )) for to -> oo, A -> by (2.5). If V = , then 
/m,A^ = /m + A r F r + /i±F± -»• / weakly in VF 2 ' 2 (S) and weakly* in W 1 ' 00 ^) for to -> 
oo, Ao — > by (2.5). Hence letting mo — > oo, Ao — > 0, f7(a?o) — >■ {xq} , we conclude 

fm,x,fi -> / weakly in I^ 2 ' 2 (S), weakly* in W 1 ' 00 ^), (4.36) 

Then by (4.34), (4.35), (4.36) and Proposition 4.3 for any W G W 1 > 2 (£,R n ) 

<57r^ mA .W-^tfTr/.W, * 2 'r/ mA (W) -> 5 2 tt/(VF) (4.37) 

for too — )■ oo, Ao — > 0, U (xo) — > {xo} ■ 
Further from (4.36) 



9m,X,fi ^ / 9euc — e 9poin — : 9 * 



9poin,m,X,ii — 6 m,A ' M <?m,A,/i ~~ ^ 6 9poin ' 



weakly in VF 1 ' 2 (S), 
weakly* in L°°(S), 

and by (4.35), we see u m ,A l(U — >■ u weakly in W 1)2 {T) and weakly* in L°°(S) , hence 

weakly in W ll2 (E), 
weakly* in L°°(S), 

which together with (4.34) implies 

vr(5m,A, M ) -> r . (4.38) 

We select a chart ip : U(7r(g po i n )) Cf-> R dimr and put ir := ?/> ° 7r, Jir = dip o dir, Vf := 
dip n g pom -Vf,S 2 Tr defined in (4.7). By (4.38) for too large enough, Ao and U(xo) small 
enough independent of V , we get Tr(g m ,x,^) £ ^(t"o) an( i define 

$ m (A,/i) := 7r(5m,A,M)- 
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We see by (4.37) 

D^ m (X,fl) = {Sltf m A fj -K-)r=l,...,dimT+l ~> (<57T/-K)r=l,...,dimT+l- 

After a change of coordinates, we may assume 

V f = RdimT-l x | | 

and e := e dimT J_ V/ . Writing $ m (A,/i) = ($ m ,o(A, //), ¥> m (A, /*)) G R<^T-i xlxR, 
we get 

5 A cD mi0 (A,/i) -> (7r^ / .K r ) r=1) ..., dimr _ 1 =:Ae R(dimT-i)x(dimr-i)_ 

From (4.12), we see that ^4 is invertible, hence after a further change of coordiantes we 
may assume that A = /(dimT-i) an d 

II d A $m,o(A,/z) - / (dimT -i) II < 1/2 (4.39) 

for mo large enough, Ao and U(xq) small enough independent of V . Next by (4.13), 
we obtain 

0„ ± $ ro (A, /*) -> «r/.F± = 0, 4Q 
V99 m (A,^) ->• (((57r/.y r ) r= i i ... i dimr+i,e) = 0, 

as S-n-f.Vr G V/ _L e , hence 

|a At± * m (A, A *)|,|V^ ro (A,M)| <£2 (4-41) 

for any £2 > chosen below, if tuq large enough, Ao and U(xq) small enough indepen- 
dent of V . 

The second derivatives 

d ss $ m (\,») = 6H fmX Jv s ), (442) 

4<9 SJ .$ m (A,/x) = 5 2 n f - (V s + V r )-5 2 fc f (V s - V r ) 

are given by the second variation in Teichmiiller space. From (4.37) for W = V s , V^± V r G 
C°°(S,IR n ) , we conclude for mo large enough, Ao and U(xq) small enough independent 
of V that 

|r> 2 $ m (A,Ai)| < Ai (4.43) 

for some 1 < Ai < 00 and 



hence by (4.13) 



and 



5 M+M+ <5 m (A,/i) -> <5 2 7r/(y+), 



± lim a M±M± v3 m (A,^i) = ±(6 2 TT f (V±),e) > 



(4.44) 



±^ ±9 9 m (A,^>7 (4-45) 
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for some < 7 < 1/4 and mo large enough, Ao and U(xq) small enough independent 
of V . Now, we choose £2 > to satisfy CAiS2 < 7/4 . Choosing mo even larger and 
U(xq) even smaller we get by (4.38) 

dr(^(go),T ) < 6, 

where we choose 5 now. As 

dr{^((fm + V)*g euc ),T^ < d T (ir(g ),T ) + d T (T ,T) < 25 

by (4.30), we choose C^S < AiAq, Ao/8, 7Aq/32 and conclude from Proposition B.l that 
there exists A G R dim7 ~ _1 , [i± G R with = and satisfying 

7r((/m + V + A r F r + fi±V±)*g euc ) = ir{g m ,\^) = T , 
|A|>±| < Cd r (vr((/ m + ^)*<7e« c ),r) 1/2 . 

To obtain the second conclusion, we consider Ao > such small that CA±e2 + CA1A0 < 
7/2 and fix this Ao . We assume || V ||vr 2 . 2 (E)< ^ an d see as in (4.36) that / m ,o,o = 
fm + V -> f weakly in W 2 ' 2 (£) and weakly* in W 1 ' 00 (S) for m -»• 00, 5 -»• by (2.5). 
Again we get (4.37) and (4.40) for A, fi = , hence for ttiq large enough, 5 small enough, 
but fixed U (xq) , 

|V<^ m (0)| < a 

with CAi£2 + Ca Aq 1 + CA1A0 < 7 • Then by Proposition B.l, there exist further 
A G M dimT_1 ,/x ± G R with = and satisfying 

7r((/m + V + A r y r + /i±V±)*ff euc ) = vr(^ )A ) = r, 
|/2±| < A , 
M+AH- ^ 0, |U_ = 0, if |U_ = 0, 
H-ft- < 0, |U + = 0, if jU + = 0, 

and the lemma is proved. 

/// 

5 Elementary properties of M. p>n 

As a first application of our correction Lemmas 3.3 and 4.4 we establish upper semiconti- 
nuity of the minimal Willmore energy under fixed Teichmuller class M p , n . 

Proposition 5.1 M P: n ■ T — > \J3£, 00] is upper semicontinuous . Moreover Jv[p : n is 
continuous at r G T,n = 3,4, with 
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Proof: 

For the upper semicontinuity, we have to prove 

limsupA^ P)n (r) < M p . a (T ) for r G T. (5.1) 

It suffices to consider -M Pjra (To) < oo . In this case, there exists for any e > a smooth 
immersion / : E -»• M Tt with -ir(f*g euc ) = r and W(/) < -M P ,n(T ) + £ . 

By Lemmas 3.3 and 4.4 applied to the constant sequence f m = f and V = , there 
exist for any r close enough to tq in Teichmiiller space A T G ]^dimT+i 

tt((/ + A T , r v;)*5 eMC ) = r, 

A T — 5- for t — 5- To- 
Clearly / + \ T)r V r — > f smoothly, hence 

limsu P 7W Pin (r) < lim W(f + X T , r V r ) = W(/) < M p , n (T Q ) + e 

and (5.1) follows. 

If A4 p , n were not continuous at to £ T with -M P! n(To) < W n ,p , by upper semi- 
continuity of -M Pira proved above, there exists 5 > and a sequence r m — >■ To in T 
with 

A^ P ,n(r m ) < 7W P ,n(ro) - 25. 
We select smooth immersions / m : E — > W l with ^{fmQeuc) = T m — >■ To and 

W(/ m ) < A< P) „(T ro ) + 1/m, (5.2) 

hence for m large enough W(f m ) < M p ^(t ) - 6 < W HtP - 5 . Replacing f m by $ m o 
fm ° (frm as in Proposition 2.2 does neither change the Willmore energy nor its projections 
in Teichmiiller space, and we may assume that f m ,f satisfy (2.2) - (2.6). By Lemmas 
3.3 and 4.4 applied to f m , V = and r = To , there exist X m € K dimr+1 for m large 
enough with 

7T((/m + \n,rVr)* 9euc) = To, 
\ m — > for m — > oo. 

This yields 

M p , n (ro) < liminf W(f m + X m , r V r ) < liminf(W(/ m ) + C\\ m \) < M P) „fo) - S, 

m—>oc m— ¥oo 

which is a contradiction, and the proposition is proved. 

/// 

Secondly, we prove that the infimum taken in Definition 2.1 over smooth immersions is 
not improved by weak local bilipschitz immersion in W 2,2 . 

Proposition 5.2 Let f : E — > W l be a weak local bilipschitz W 2 ' 2 —immersion with 
pull-back metric f*g eU c = e 2u 9poin conformal to a smooth unit volume constant curvature 
metric g po i n ■ Then 

M p ,n(ir(g P oin)) < W(f) = ^ J \A f \ 2 dflf + 2t(1 - p). 
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Proof: 

We approximate / by smmoth immersions f m as in (2.9) and (2.10). Putting g := 
f*9euc,gm ■= fm9euc and writing g m = e 2Um g poin , m for some unit volume constant 
curvature metric g po i n ,m by Poincare's Theorem, see [FiTr84], [Tr], we get by Proposition 
A.2 

II Urn IU°°(E), II Vlt m ||l2(E)< C (5.3) 
for some C < oo independent of m . In local charts, we see 

9m 9 strongly in W 1 ' 2 , weakly* in L°°, 



and 



Therefore by (1.1) 



= VfVp = A Uj strongly in L 2 . 



and 



W{fm)^WV) = \J \A f \ 2 g d flg + 2n(l-p) (5.4) 



7r(3m) ->• ir(g poin ). (5.5) 



Next for a slice S(g po i n ) of unit volume constant curvature metrics for ir(g po i n ) & T 
around g poin , see [FiTr84], [Tr], there exist unique g po in,m G S(g poin ) with 7r(<7 po j nim ) = 
7r(5m) -> ^ (g P oin) for m large enough, hence 

4 > m,gpoin,m — gpoin,m ^ gpoin Smoothly 

for suitable diffeomorphisms <p m of E homotopic to the identity. 
Next by (5.3) 

II £><Am ||l°°(e), II D<t>m ||l°°(e)< C (5-6) 

and 

|| g P oin,m ||vF 1 . 2 (E)<|| e" 2Um || VK 1 > 2 (E)nL°°(E) II 5m \\w 1 - 2 (Z)nL°°{E)< C 

and for a subsequence g po in,m — > g,Um — > u weakly in W 1,2 (E) , in particular g 

9poin,m = e 2 " m 9 m ~ > & 2 "<? j and 

5 = e' 2 "5 = e 2 ^g pom (5.7) 

is conformal to the smooth metric g po i n ■ 

The Theorem of Ebin and Palais, sec [FiTr84], [Tr], and the remarks following imply 
after appropriately modifying <j) m 

(f> m -> id^ weakly in py 2 ' 2 (E), weakly* in W 1,00 (E) (5.8) 

and 5 poin = id*.<7 = e 2 ( M " M )5(p j n by (5.7), hence 

n m -> u = u weakly in VF 1 ' 2 (S), weakly* in L°°(E). (5.9) 



26 



Putting f m := f m O(j) m ,U m ■= U m °4>m , we See f m g e uc = <t>m( e 9poin,m) = e ' 2Um g po in,m 
and by (5.6), (5.8) and (5.9) 

fm -> / weakly in W 2 ' 2 {Z), weakly* in W 1 ' 00 ^), 
u m ^fu weakly in W l ' 2 {Ti), weakly* in L°°(£). 

Therefore / m , / satisfy (2.2) - (2.6). By Lemmas 3.3 and 4.4 applied to V = , there 
exist A m G M dim '7~+ 1 for m large enough with 

\ m — > for m — > oo, 

as Tr(fm9euc) = n{gm) ->• 7r{g po in) by (5.5). Then 

7r((/m + A m>r (y r o (/>^))*g euc ) = ir(g poin ), 
f m + XmAVr ° <P m l ) f strongly in W 2 > 2 (£), weakly* in ^^(S), 

CO < (/m + ^m,r(V r fe 1 )) g euc < C 

for some < cq < C < oo and m large, when observing that is bounded in 

VF 2 ' 2 (£) n W 1 ' 00 ^) by (5.6), (5.8) and |Z? 2 (^ 1 )| < C|.D 2 (</> m ) o . As in (5.4) we 
get 

-Mp.nWft-n)) < J^M/m + A m , r (V r O (fe 1 )) = W(/), 

and recalling (5.4) again, the proposition follows. 

/// 

This proposition implies strong convergence of minimizing sequences. 

Proposition 5.3 Let f : S — >■ M n 6e a weafc Zoca/ bilipschitz immersion approximated by 
smooth immersions f m satisfying (2.2) - (2.6) and 

W(f m ) < M p , n {n{f m g euc )) + e m (5.10) 



with e m — > . Then 

f m ^f strongly in W 2 ' 2 {Z) (5.11) 

and 

W(/) = M p , n (T ). (5.12) 

Proof: 

By (2.3), (2.4), (2.5) and A large enough, we may assume after relabeling the sequence 

fm 

II Df m ||u/ 1 . 2 (E)nL°°(s)< A , 

9<?pom ^ gpoin,m 5; 2(/p D j n , 

A-l ^ - f ^ A (5 ' 13) 

9poin S <?m — Jm9euc S A-09poim 

JI^/ m | 2 d/i /m <A . 
E 
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In local charts, we see 




oc 



and 



= \7 9 i V 9 j f = A Uj weakly in L 2 . 



We conclude by Propositions 5.1, 5.2 and (5.10), as 7r{fm9euc) — > to by (2.2), 
< liminf W{f m ) < limmiM p , n (f^9euc) < M p , n (T ) < W(/), 

hence H/ m Hj strongly in 1? . This yields using (2.4) 

\ poin , m fm = e 2 "-H /m e 2 "]^ = A ffpoin / strongly in L 2 




+V9 P oin,mAg poin , rn fm ~ V ' 9 P oin^g poin f -> strongly in L 2 



recalling that 9j/ m is bounded in L°° and g po in,m — > 9poin smoothly by (2.4), hence 



6 Decay of the second derivative 

In this section, we add to our assumptions on /, f m , as considered in §2 - §4, that f m 
is approximately minimizing in its Teichmuller class, see (6.1). The aim is to prove in the 
following proposition a decay for the second derivatives which implies that the limits in 

C 1 ' 01 . 

Proposition 6.1 Let f : S — > R n be a weak local bilipschitz immersion approximated by 
smooth immersions f m satisfying (2.2) - (2.6) and 



f m ^f strongly in I^ 2 ' 2 (S), 



and the proposition is proved. 



/// 



W(/ m ) < M p , n (7T(f^g e uc)) + e, 



m 



(6.1) 



with e m — > . Then there exists a > 0, C < oo such that 




for any x £ E, g > 



(6.2) 



in particular f £ C ,a 



(£) . 
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Proof: 

By (2.3), (2.4) and Ao large enough, we may assume after relabeling the sequence f m 

II u m , 

Dfm II < Ao, 

29poin ^ 9poin,m ^ ^Qpoini 

_ (6-3) 

^0 9poin S ffm — Jmdeuc S ^09poim 

JI^/ m | 2 d/i /m <Ao. 
s 

Putting z^ m := ^ 2 g poi Jm?g poin H-g poin , we see i/ m (S) < C(A ,5 P om) and for a subsequence 
v m v weakly* in Cq(S)* with < oo . 

We consider xq G S with a neighbourhood XJ§(x§) satisfying 



K^o(zo) - {xo}) < ei, (6.4) 

where we choose e\ = £i(Ao,n) > below, together with a chart <p : £/"o(xo) 
B 2eo (0), <^(x ) = 0, U g (x ) := ^(B^O)) for < g < 2g < 2, such that 

^9euc < {^Ydpoin < Zg euc (6.5) 
and in the coordinates of the chart ip 

J 9p k oin9loin9poin,rs^g poin) ij^ S g poin) kl ^g po iu < £ 1- 



B eo (0) 

Moreover we select 



U gi (x )<ZU(x )CU eo (x ), (6.7) 



variations Vi, . . . , Vd im r-i, V± G C™(Y,-U{x Q ), W 1 ) and 5 > 0, C = C X0)¥ , < oo, m G N , 
as in Lemmas 3.3 and 4.4 for xo, i/ eo (a;o) and A := C(Aq) defined below. As 7r(/^J — > 
n(g P oin) by (2.2), we get for m large enough 

dr(^(fm9euc),^{9poin)) <£ for m > m . (6.8) 

Clearly for each xq G £ , there exist C/"o(xo), £o as above, since v(B 9 s pmn (xq) — {xq}) — > 
v {$) = for g ->• . 

For xo,f/o(xo) as above and < £ < £o , there exists mi > 
mo such that f m (£^ ( x o) — U q / 2 {xq)) < E\ for m > mi , hence in the coordinates of the 
chart 99 



/ 



|£ 2 / m | 2 d£ 2 < C | g^g^Mm, 9m f m ) dv 9poin < 



B eo (0)-B e/2 (0) B eo (0)-B e/2 (0) 



< 2 JW g P oinfm\ 2 g poin d^t 9j)oin + 2^ 9p k oin9p i n ^l poin ,ij^g poin ,kl(9rfm, d s f m ) dfig pmn < 



U eo (0)-U e/2 (x ) B eo (x) 
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< 2£i + C(A ) y 9^oindloin9poin,rs^ r g poin) ij^ S g pmnt kl 

d» gpoin < C(Ao)ei. (6.9) 

There exists cr £]3/g/4, 7g/8[ satisfying by Co-Area formula, see [Sim] §12, 

7 e /8 



y iD 2 / m i 2 a^ 1 < s^- 1 y y i^/mi 2 d^ 1 dr = 

3 CT (0) 3(?/4 9B r (0) 

= 8^ y |£» 2 /m| 2 d£ 2 < C{K )e ie -\ (6.10) 



S 7e/8 (0)-i?3 e/ 4(0) 

First we conclude that 



osc dBA0) \Df m \ < C j \D 2 f rn \ dH 1 < C(A )e\ / 



.1/2 

\±s Jm\ un. ^ ^V^U^ 
dB a (0) 

hence for any x G <9-B CT (0) and the affine function l(y) := f m {x) + Df m (x)(y — x) 

1 1/2 

|| fm - I |U°°(aB CT (0)) + II ^(/m ~ ||l°°(9B ct (0))) < C^Ao)^ • 
Moreover by (6.3) and (6.5) 

c (A )(<%)ij < ((di^djl))^ =g m (x) < C(A Q )(5 ij ) ij 
hence Dl 6 M 2x2 is invertible and 

II £>/ ||, || (Di)" 1 ll< C( A o)- 



Next by standard trace extension lemma, there exists f m £ C (i? CT (0)) such that 

fm = fm, Df m = Df m on dB a (0), 

(T-^fm-ll + lDifm-l)] < 

< C(<j _1 || f m - I \\L°°(dB a (o)) + II D(f m - I) ||l°o(0b ct (o))) < C(A )e^ 2 , 
/ \D 2 f m \ 2 dC 2 < Co j \D 2 f m \ 2 dU 1 < C(A )e 1 . 

B a (0) dB a (0) 



We see 



Df m - Dl \\< C(A )e\ /2 <\\ (Dl)- 1 H" 1 /2 



for e\ = £i(A ) < 1 small enough, and Df m is of full rank everywhere with 

II Df m ||,|| {Dfm)" 1 ||< C(A ). 

Extending f m = f m on £ — [/o-(xo) , we see that / m : £ — >■ R n is a C 1 ' 1 — immersion 
with pullback metric satisfying by (6.5) 

Co(A )(froin < c {A )g euc < 9m ■= f m 9euc < C(A )g euc < C(A )g poin . (6.12) 
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and by (6.6), (6.9) and (6.11) 

J \D 2 f m \ 2 d£ 2 , J \V gpoi J m \ 2 gpoin d^ 9poin <C(A )s 1 , (6.13) 

B eo (0) B eo (0) 

in particular, as \Aj ^\ < \dijf m \ in local coordinates, 

/ 1%/ d^ m < C(A )£i < £ (n) (6.14) 

U eo (x ) 

for e\ = £i(Ao,n) small enough. Putting V := f m — f m , we see supp V CC ^(xo) C 
U(xq) for < q < gi from (6.7) and 

II v llw 2 > 2 (£)< C II V \\w 2 ' 2 (B a (0))< C(A ). 

Together with (6.12) and (6.14), this verifies (3.9) and (4.29) for A = C(Ao) in Lemmas 
3.3 and 4.4, respectively. After slightly smoothing V , there exists A m G K dimT+1 by 
Lemmas 3.3 and 4.4 and (6.8) with 

^((/m + ^m,rVr)* 9enc) = ^{fmdeuc) ■, 

f ~ xi/2 (6-15) 

| A„, | < C X(hip d r [TT(f^g e uc),^(fm9euc)J ■ 

By the minimizing property (6.1), and the GauB-Bonnet Theorem in (1.1), we get 

\ j \A fm \ 2 du fm -e m < M Ptn (it(f* m g euc )) + 2vr(p ~ l )<\j \ A f m+ x m , r vf d ^/ m +A m , r K> 



hence, as f m = f m in S — U a (xo) and supp V r n C/ CT (xo) = , 

/ l^/J 2 y \A f ~J 2 dfi fm + C X0 , v {A Q ,g poin )\X m \ +4e m . (6.16) 

We continue, using \Aj^ ^\ < \dijf m \ in local coordinates, (6.10) and (6.11), 

/ \A f I 2 duf < 

Ua(xo) 

<C(A ) J \D 2 f m \ 2 dC 2 < C(A ) y |D 2 / m | 2 d£ 2 < 

< C(Ao) y |V 2 poin / m | 2 d» 9poin + C(Ao) || r 9poin ||!oc (Beo(0 )) Q 2 < 

U7 /8( x o)-U Se/4 (x o ) 

< C(A )v m (u 7g / 8 (x ) - U 3e/4 (x fj + C X0 ^{A Q ,g poin )Q 2 . (6.17) 
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We calculate in local coordinates in B a (0) that 



^g P oin, m fm — e m Ag m f m — e "H^ 



and 

\^g P oi n , m {fm - fm)\ < C(A )(|H/ m | + \D f m \ + \T 9poin m \ \Df m \). 

By standard elliptic theory, sec [GT] Theorem 8.8, from (2.4) for m > mi large enough, 
as f m = f m on dB a (0) , we get 

J \D 2 f m \ 2 d£ 2 < 

B a (0) 

<C^(Ao,<7 poJ n)( J |H /m | 2 d/x /m + j \D 2 f m \ 2 dC 2 + f \Df m \ 2 dC 2 )< 

U a {x ) Brj (0) B(j (0) 

Cxo >v >(Ao,a»in)( y |H/ m | 2 d^ /m + ^ m (c/ 7e/8 (x ) - U 3g/4 (x )j + £ 2 ), (6.18) 



^(x ) B„(0) B(j (0) 

< 

~uit- v " ' ~f » / 

U a (x ) 

where we have used (6.17). Putting (6.16), (6.17) and (6.18) together yields 



V m (U e/2 (xo)) = J W 2 g pm Jm\ 2 dfig pmn < 



— Ca;o,v(-^-0) 9poin) I V m (u 7g/8 (x ) - U 3e/4 (x )^j +g 2 + \X m \ + e m ^j . (6.19) 

To estimate \ m , we continue observing that f m g eU c = 9m and f m g e uc = 9m coincide on 
£ - f/ e (x ) , 

dr(^(fm9euc),^(f m 9euc)) 2 < 

< 2d T (Tr(f* l g euc ),7r(g po i n )) 2 + 2d T (TT(f* l g euc ),TT(g poin )) 2 < 

— Cto y i^9poin,ij9 m \J (jm ~ \J ffpoin^ dx + C To y (^—gpoin,ijg m \/lhn ~ \J ffpoin^ dx = 

= 2C To y (^~^gpoin,ijg m \/ gm ~ \J 9poin*j dx+ 
E-!7 e (x ) 

+Cr y {^9poin,ij9m\/ 9m ~ \J 9poin^ dx + C T0 J {^9p<rin,ij9 m \/ 9m ~ ^Qpoinj dx < 

dx + (7 ro (Ao)£ 2 . 



Ug(X0) Ug(X0) 

1 



<2C ro 



29poin,ij9mV 9m s/ 9poin 



E-t/ e (x ) 



where we have used (6.3) and (6.12). As g m g = e 2u g po i n pointwise and bounded on £ , 
we get from Lebesgue's convergence theorem 

limsup d T (TT(f m geuc),^(fm9euc)) < C TO (A )g 
m— >oo 
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and from (6.15) 

limsup|A m | < C XOtSo g pm JA )g 1/A . 

m— >oo 

Plugging into (6.19) and passing to the limit m — > oo , we obtain 

v(U e/2 (x )) < C Xlhip (A , g poin )is(ll s (x ) - U g/2 (x )j 
and by hole-filling 

v(U g /2(xo)) < -yv{U g (x )) + C Xo ^(kQ,g poin )Q 1/A 

with 7 = C/(C + 1) < 1 . Iterating with [GT] Lemma 8.23, we arrive at 

u{B 9poin {x Q )) < C x ^{K Q ,g poin )g 2a gf a for all g>0 (6.20) 

and some < a = a XOy v ( Ao, g po in) < 1 • Since v(B 9pmn (xo)) — > u({xq}) for g — > , we 
first conclude 

u{{x }) = 0. (6.21) 
Then we can improve the choice of Uq(xq) in (6.4) to 



v(U (x )) < £i, 

and we can repeat the above iteration for any x G U Qi / 2 (xq), < g < gi/2 to obtain 

v{B 9poin (x)) < C X0 ^(A ,g poin )g 2a g^ 2a for all x G U ei/2 (x )g > 0. 
By a finite covering, this yields (6.2). Since in the coordinates of the chart ip 

J \D 2 f m \ 2 dC 2 <C J g% n gil m (d t] f m ,d kl f m ) d^ gpoin < 

B e (x) B e (x) 

— ^ j \^9 P oinfm\g po i„ d^g poin + 2 J dpoind^oir^ g poin) ij^ g poin) kl{^rfm,d s f m ) dfJ,g poin < 
B e (x) B e {x) 

< C X o,ip(Ao,g P oin)Q a Qi a + C(Ao, 9poin ) Q j 

we conclude by Morrey's lemma, see [GT] Theorem 7.19, that / G C 1,Q? (S) , and the 
proposition is proved. 

/// 

7 The Euler-Lagrange equation 

The aim of this section is to prove the Euler-Lagrange equation for the limit of immersions 
approximately minimizing under fixed Teichmiiller class. From this we will conclude full 
regularity of the limit. 
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Theorem 7.1 Let f : £ — >■ W 1 be a weak local bilipschitz immersion approximated by 
smooth immersions f m satisfying (2.2) - (2.6) and 

M/m) < M p , n (Tt(t m g euc )) + e m (7.1) 

with e m — > . Then f is a smooth minimizer of the Willmore energy under fixed 
Teichmiiller class 

= M p , n (r ) (7.2) 

and satisfies the Euler- Lagrange equation 

A g H + Q(A°)H = g ik aJ l A° ijqkl on E, (7.3) 
where q is a smooth transverse traceless symmetric 2-covariant tensor with respect to 

9 = f 9euc ■ 

Proof: 

By Propositions 3.1 and 4.2, we select variations variations V±, . . . , VdimT e C^°(S,R n ) , 
satisfying (3.5) or variations V±, . . . , VdimT-i> V± £ Cg°(X!,IR n ) , satisfying (4.12) and 
(4.13), depending on whether / has full rank in Teichmiiller space or not. 

For V e C°°(Z,R n ) and putting f mA x,» ■= fm + tV + X r V r + n±V± , we see for 
\t\ < to for some to = to(V,Ao,n) > small enough and |A|,|/i| < Ao for some Ao = 
Ao(K, V±, Ao) > small enough that 

II Dfm^fj, Hw 1 ' 2 (S)nL 00 (S)< 2^0, 
(2Ao)" 9poin ^ fm,t,\,^9euc ^ ^^09poin 

and all m £ N . As f m ,t,\,n ~^ f strongly in IT 2 ' 2 (£) and weakly* in VF 1 ' 0O (S) for 
m — > oo,t, A,/x — > by Proposition 5.3, we get from Proposition 4.3 and the remark 
following for any chart V : U{-K{g po i n )) C T — > M dim7 ~ , and put tt := o tt,5tt = 
di>o5ir,V f := d^ gpom .Vf,5 2 T: defined in (4.7), and any W G C°°(S,lR ri ) 



^/^•^^^/-^ s% m ^ x jw) -+ s%(W) 

as m — > oo,t, A,/i — > . If / is of full rank in Teichmiiller space, then Vf = M dim7 ~ , 
and we put d = dimT . If f is not of full rank in Teichmiiller space, we may assume 
fter a change of coordinates, 

V f = R^T- 1 x {0} 

and put d := dimT— 1 and e := e^ ni j- TV/. By (3.5) or (4.12), we see for the orthogonal 
projection vr-p : JR dimT V/ that 

{■Kv f ^f-Vr)r=i,...,d =■ A G R dxd (7.5) 

is invertible, hence after a further change of variable, we may assume that A = . In 
the degenerate case, we further know 

(6n f .V r ,e) =0. (7.6) 



34 



By (4.13) 

±(5 2 7r/(V±),e) > 2 7 , 5ftf.V± = 0, (7.7) 

for some 7 > . 

Next we put for m large enough and to,\o small enough 

$ m (t,A,/i) := TT{f* mytXli geuc)- 

Clearly, <& m is smooth. We get from (7.4), (7.5) (7.6) and (7.7) for some Ai < 
00 and any < e < 1 that 

II D 2 $ m (t,\) ||< Ai, 
osc D 2 $ m < e, 

(7.8) 

|| d x $ m (t,\)-I d \\<e< 1/2, 

a A ^ m (t,A) -> (^^"/ •^ / r)r=l,...,d) 

in the full rank case, and writing $ m (t, A,/x) = (3> mi o(i, A, /i), ip m (t, A, //)) in the degen- 
erate case that 

|| Z) 2 $ m (t,A,Ai) ||< Ai, 
osc D 2 <fr m < e, 
|| d x <i> m (\) - I d \\<e< 1/2, 
±<^ ±M± ^ m (t, A, //) > 7, 

(7.9) 

|d M $ m (t, A, //) I, |£V m (*, A, <e, 

dx$ m (t,\,[l) -)• (57T/.K)r=l,...,d, 

5 M±M± 9? m (t, A, /i) ->• (<5 2 7r/(y±),e), 

d^ m (t, A, fj,),Dtp m (t, A, At) ->■ 0, 

all for m > mo large enough and |t| < to>|A|,|At| < Ao small enough or respectively 
t, A, At — > . We choose e, Ao smaller to satisfy CAxe + CAxAo < 7/2 . Moreover choosing 
mo large enough and to small enough, we can further achieve 

\D<p m (t,0,0)\ <° 

with CAie + Ca\ Q 1 + CAiA < 7 , and 

|$ m (t, 0, 0) - $ m (0, 0,0)| < Ct < A 1 X 2 , A /8, 7 Ag/32. 

By Proposition B.l there exist \X m ,r{t)\, |// m ,±(i)|, |A m , r (t)\, \p, m ,±(t)\ < A with 
fi mj+ (t)fi m -(t) = 0,/im,+ (*)£m,-(*) = and 

$ ro (t, A m (i), /x m W) = $m(0, 0, 0) = $ m (t, A m (t), /x m (i)), (7.10) 

which means 

7r((/m + ^ + A m , r (t)V; + At mj± (t)y±)*5( euc ^ = iT(f^g euc ) = 



= n((f m + tV + \ m ,r(t)V r + Am,±(i)V±)*5euc) • 



(7.11) 
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and 

^+(t)p mt+ (t)<0,p m -(t) = 0, if Hm,+ (t) ^ 0, 

(7.12) 

H m -(t)fi m -(t) < 0,// m , + (i) = 0, if Hm-(t) / 0. 

By (7.8), (7.9) and (7.10), we get from a Taylor expansion of the smooth function <E> m at 
that 

\tdt$ m (0) + \ m {t)d X <S> m (0) + Vm(t)d^ m (0) + 

+ ^(t,X m (t),fi m (t)) T D 2 ^ m (0)(t,X m (t), f x m (t))\ < 

<Ce(\t\ 2 + \X m (t)\ 2 + \fi m (t)\ 2 ), 
hence, as fi m!+ {t)fi m = , 

|*3t$m(0) + A m (t)5A < &m(0) + ^m,±(*)9 M± < & m (0) + -^rn,±{t) $/i±M± *m(0)| < 

< CA^df + |A m (t)| 2 ) + C^ m ,±(t)| 2 ). 

Passing to the limit m — )■ oo , we get for subsequences X m (t) — > X(t), /J- m ,±{t) ~^ 
H(t) with \X(t)\, \n(t)\ < A and by (7.8) and (7.9) 

\t6ftf.V + X r (t)S7r f .V r + ^±(t) 2 <5 2 7r/(y ± )| < 

< CA^df + |A(t)| 2 ) + Ce\^ ± (t)\ 2 ). (7.13) 
In the degenerate case, we recall 8ftf.Vt r \ G V/ _L e , hence by (7.7) and (7.13) 

7/i±(t) 2 <^±(i) 2 (^/(^±),e)< 

<CA 1 e- 1 (\t\ 2 + \X(t)\ 2 ) + Ce\ f i±(t)\ 2 ) 
and for Ce < 7/2 small enough 

lM±(f)l<C(|t| + |A(t)|). (7-14) 

Then again by (7.13) 

\t6itf.V + A r (t)^/.y r | < C(\t\ 2 + |A(t)| 2 ). (7.15) 

In the full rank case, we have fi± = , and (7.15) directly follows from (7.13). As 
(c)7ry.y r ) r=li j( f are linearly independent by (7.5), we continue 

|A(t)|<C(|t| + |A(t)| 2 )<C|t| + CA |A(t)|, 

hence for Ao small enough \X(t)\ < C\t\ . We get from (7.14) 

\fi±(t)\ < C\t\ (7.16) 
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and from (7.15) 

\m f .V + Xr(t)6n f .V r \ < C\t\ 2 . 
Therefore A is differentiable at t = with 

X' r (0)S7r f .V r = -Sitf.V. (7.17) 

Writing for the inverse A -1 = (b rs ) r ,s=i,...,d in (7.5), we continue with (3.4) 

XU0) = -brs(S7Tf.V,e s } = 

dim T ,. 

= 2 / 9 ik 9 jl (A° ij ,V)q' J kl (9po l n) {dTr gpoin .q a {g poin ),b rs e s ), 

a=l v 



hence putting 



we get 



dim T 

ill : = ^ ^Qkl(9poin){d^g pmn -q a (gpoin),t>rse s ) £ S^igpoin), 



A;(0) = I ^V'(4^)9w dM fl - (7-18) 



s 

Moreover 

/ m + + A m , r (t)K + /v±(*)^± -> / + + K(t)V r + n±(t)V± 
strongly in W 2 ' 2 (Y>) and weakly* in W 1,0 °(£) , hence recalling (7.11) 

W(f + tV + K(t)V r + fl±(t)V±) <- W(f m + tV + X m ,r(t)V r + ^ m ,±(t)V±) > 
> M p ,nW^9euc)) > W(/ m ) - £ m -> W(/). 

Since (t, A, /u) >->■ W(f +tV + X r V r + fJ,±V±) is smooth, we get again by a Taylor expansion, 
(7.16) and (7.17) 

< W(f + tV + X r (t)V r + n±(t)V±) - W(f) = 

= tSWf.V + X r (t)SW f .V r + V±(t)6W f .V± + 0{\t\ 2 ). 

As fx + (t)fj,-(t) = and by (7.12), we can adjust the sign of /i±(i) according to the sign 
of 8Wf.V± and improve to 

< tSWf.V + X r (t)SWf.V r + 0(\t\ 2 ). 

Differentiating by t at t = , we conclude from (7.17) and (7.18) 

SW f .V = -X' r (0)6W f .V r = - J g ik g^ l (Al,V)q r kl SW f .V r d Mfl , 
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hence putting q kl := q r kl 8Wf.V r G S^ 1 (g po in) , we get 

SWf.V = J g lk g 3 \A%, V)q kl dfi g for all V G C°°(£,IR n ). (7.19) 
s 

As / G VF 2 ' 2 n C 1 '" by Proposition 6.1, we can write / graph, more precisely for 
any xq G S there exists a neighbourhood f7(xo) of xo such that after a translation, 
rotation and a homothetie, which leaves W as conformal transformation invariant, there 
is a (W 2 - 2 n C 1 '") - inverse chart (j) : Bi(0) ^> ?7(x o ),0(O) = x , with /(y) := (/ o 
4>)(y) = (y,u(y)) for some u G (VF 2 ' 2 n C 1,a )(-Bi(0), M n ~ 2 ) . Moreover, we may assume 
\u\, \Du\ < 1 and from (6.2) that 

J \D 2 u\ 2 dC 2 < Cg 2a for any Ball B e . (7.20) 

B e 

We calculate the square integral of the second fundamental form for a graph as 
A(u) := J \A f ~\ 2 dnj = J (5 rs - d rs )g ij g kl d ik u r d j iu s y/g dC 2 , 

Bi(0) Si(0) 

where gij := Sij + diudjU, (g 1 -*) = (gij)~ 1 ,d rs := g kl d k u r diu s , see [Sim93] p. 310. 

By the GauB-Bonnet Theorem in (1.1), we see for any v G Cg°(Bi(0),R n_2 ) that 
AW{graph(u + v)) = A(u + v) + 87r(l - p) , hence from (7.19) 

SAu.v = J {g* k gi l - \g ij g kl )q k i{d ijU - T™d m u, v) d Mfl , 

Bi(0) 

where g = T^™ = g mk (dijU, d k u) . From this we conclude that 

d 3l (2a% kl d tk u s ) - dj {{d ajU r ( C kl )d ik u a a ml u t ') = b% kl (du)q kl d ijU s (7.21) 

weakly for testfunctions v G Cq°(Bi(0), R n ~ 2 ) , where 

a% kl (Du) := (5 rs - d rs )g^g kl ^g, 
b% kl (Du) = (g* k gi l - \gVg kl ){5 r8 - d rs )^g. 

Then we conclude from [Sim] Lemma 3.2 and (7.20) that u G (Wf f n Cfj") (£i(0)) . 

Full Regularity is now obtained by [ADN59], [ADN64]. First we conclude by finite 
differences that u G W^ 2 (Bi(0)) and 

2ai jkl (Du)d ijk iu s + b r (Du, D 2 u) * (1 + D 3 u) + b r (Du) * q(.) * D 2 u = strongly in Bi(0), 

with aj kl ,b r ,b r are smooth in Du and D 2 u , whereas q = 4>*q G (W 1,2 nC 0,a )(Bi(0)) . 
As VF 4 ' 2 ^ W 3 'P for all 1 < p < oo , we see u G W,^(Bi(0)) C, 3 ^ (Bi(0)) and then 
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Now we proceed by induction assuming u, f € Cj o '™(-&l(0)) for some fc > 4 . We 
see 3 := f*g eU c £ C^ 1 '" > hence we get locally conformal C fe ' a — charts ip : U C 
-E?i(0) f2 C K 2 with (p~ l, *g = e 2v g euc ■ On the other hand, as g po in is smooth, there 
exists a smooth conformal chart ip : ?7(xo) — — ► Q M 2 with ■0 _1 '*5 pO m = e 2u °(/ euc , 
when choosing U(xo) small enough. As g = f*g e uc = e 2u g P oin , we see that V ° 
</> o : O — >■ f2 is a regular conformal mapping with respect to standard euclidian 
metric, in particular holomorphic or anti-holomorphic, hence smooth. We conclude that 
4> € C^'"(Bi(0)) and q = (f>*q € C'^~ 1 ' Q! (Bi(0)) , as q € S^ 7 (g po in) is smooth. Then we 
conlude u G C;o^ 1,a (-Bi(0)) and by induction u, /, and f = f o cf)" 1 are smooth. 

In [KuSch02] §2, the first variation of the Willmore functional with a different factor 
was calculated for variations V to be 

SW(f).V := jW{f + tV) = J ^(A 9 H + Q(A°)H, V) d» g , 

E 

and we obtain from (7.19) 

A,H + Q(A°)U = 2g ik g^A%q kl on S, 

which is (7.3) up to a factor for q . (7.2) was already obtained in (5.12). This concludes 
the proof of the theorem. 

/// 

As a corollary we get minimizers under fixed Teichmiiller or conformal class, when the 
infimum is smaller than the bound W njP in (1.2). 

Corollary 7.2 Let S be a closed orientable surface of genus p > 1 and tq G T 
satisfying 

Mp, n (T ) < W n ,p 

where W„ iP is defined in (1.2) and n = 3, 4 . 

TTten i/iere exists a smooth immersion f : S — >■ R n which minimizes the Willmore 
energy in the fixed Teichmiiller class tq = Tr(f*g euc ) 

W(f)=M p , n (To). 

Moreover f satisfies the Euler- Lagrange equation 

AgH + Q(A°)U = g lk g 3l A%q kl on S, 
where q is a smooth transverse traceless symmetric 2-covariant tensor with respect to 

g = f geuc ■ 

Proof: 

We select a minimizing sequence of smooth immersions f m : £ — > W 1 with 7r(/^<7 euc ) = To 

W(/ m ) -> M P ,n(r ). (7.22) 

We may assume that W(/ m ) < W n , P — 5 for some 5 > . Replacing / m by o / m o (f) m 
for suitable Mobius transformations & m and diffeomorphisms m of S homotopic 
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to the identity, which does neither change the Willmore energy nor the projection 
into the Teichmiiller space, we may further assume by Proposition 2.2 that f m — > 
f weakly in W 2 > 2 (E) and satisfies (2.2) - (2.6). Since (7.1) is implied by (7.22), The- 
orem 7.1) yields that / is a smooth immersion which minimizes the Willmore energy 
in the fixed Teichmiiller class To = 7r(/*<? eMC ) and satisfies the above Euler-Lagrange 
equation. 

/// 

Corollary 7.3 Let S be a closed Riemann surface of genus p > 1 with 

inf{W(/) |/:£—>- M. n conformal immersion } < W„ iP , 

where W„ iP is defined in (1.2) and n = 3, 4 . 

Then there exists a smooth conformal immersion f : £ — > W 1 which minimizes 
the Willmore energy in the set of all conformal immersions. Moreover f satisfies the 
Euler-Lagrange equation 

A g U + Q(A°)H = g ik g^ l Ay kl on S, (7.23) 

where q is a smooth transverse traceless symmetric 2-covariant tensor with respect to the 
Riemann surface £ , that is with respect to g = f*g euc . 

Proof: 

We select select a smooth conformal metric go for the Riemann surface S and put 
to := it (go) ■ By invar iance, we see 

M Pt n(To) = inf{W(/) | / : S ->• R n conformal immersion } < W„ iP . 

Therefore by Corollary 7.2, there exists a smooth immersion /:£—>■ R n which minimizes 
the Willmore energy in the fixed Teichmiiller class To = 7r(/*<? euc ) and satisfies the above 
Euler-Lagrange equation. Moreover there exists a diffeomorphism of S homotopic to 
the identity such that (/ o <j))*g eU c is conformal to go . Then / := / o is a smooth 
conformal immersion of the Riemann surface S which minimizes the Willmore energy in 
the set of all conformal immersions and moreover satisfies the Euler-Lagrange equation. 

/// 

Appendix 

A Conformal factor 

Lemma A.l Let S be a closed, orientable surface of genus p>l, go a given smooth 
metric on S , x\,...,xm £ £ with charts <pk : U{xk) -Bi(O), <Pk(%k) = 0> U Q (xk) := 
ip-^B^O)) forO<g<l, 

^ l 9euc < (^Ydo < A# euc for k = 1, . . . , M. (A.l) 
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Let f : £ — > M. n be a smooth immersion with g := f*g eU c = e 2u gpoin for some unit 
volume constant curvature metric g po in and 

A _1 so < 9 < A50, 

(A.2) 

II « IU~(E), J \ K g\ dfig < A, 
E 

and / : S — >■ M n a smooth immersion with g := f*g e uc = e 2u 9poin for some unit volume 
constant curvature metric g po i n , 



A V) < <7 < A50, 
d^ig < A, 



(A.3) 



s 



sitpp(/ - /) C yJf =l Ui/ 2 {x k ) and 

\A\ 2 dfi~ g < e {n) fork = l,...,M (A.4) 



/ 



Ui(x k ) 

for some universal < Eo(n) < 1 . Then 

II « IU°°(E), II ||L2(s,g)< C(S,5o,A,p). (A.5) 

Proof: 

We know 

-A s m + A>~ 2u = X g , -A § u + K p e- 2i = K g on E. (A.6) 

Observing J s | — i"C p e~ 2u | dfig = —K p = Att(p — 1) and multiplying (A.6) by u — 
A for any A £ 1 , we get recalling (A.3) 

c (A) J \Vu\ 2 go d/x fl0 < J |Vu|| d/x fl = 
s s 

= y (-A>~ 2 " + K- g )(u - A) d/x fl < C(A,p) \\ u - A || L co (E) , 
s 

hence for \ = 4- u d/i 90 by Poincare inequality 



- A ||l2(s,o„)< C(S,5o) II Vn || L 2 (s „ o) < C(S,5- , A,p)v / osc s n. (A.7) 



Next by the uniformization theorem, see [FaKr] Theorem IV.4.1, we can parametrize 
/ o (p^ 1 : Bi(0) — > W 1 conformally with respect to the euclidean metric on £?i(0) , 
possibly after replacing 5i(0) by a slightly smaller ball. Then by [MuSv95] Theorem 
4.2.1 for Eo(n) small enough, there exist Vk € C°°(Ui(xk)) with 

-AgV k = K g onUi(xk), 
II v k \\l°°(Ui (x fc ))< c n J |A| 2 dug < C n e (n) < 1 

CA(>fc) 
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for Eo(n) small enough. We get 

,1 = -K„e.- 2il > 0. 

} onU^Xk) (A.9) 



-A- g (u - v k ) = -K p e~ 2i > 0, 



-Ag(u - v k ) + K p {e~ 2il - e~ 2v ") = -K v e~ 2v * > 0, 



-A g (u -u) + K p (e- 2il - e~ 2u ) = 0, 
-A g (u-u) + < 0, 



for k = 1, . . . ,M , and, as 3 = g on S - U^£ 1 C/ 1 / 2 (2 ; fc) j 

on S - U^^Xfc). (A.10) 

Therefore u — u cannot have positive interior maxima nor negative interior minima in 
S — U^l 1 C/ 1/ / 2 (2 : fc) as K p < by standard maximum principle, hence putting T := 
UkLidU 3/A (x k ) we get 

sup (u — u)± = max(u — u)±. 

From above, we see from (A.l), (A. 3), (A. 8), (A.9), 

< -di^y/l dj(u - + K p ^g(e- 2 * - e" 2 ^) = -K p e~ 2v ^g < C(A,p), (A.ll) 
hence using [GT] Theorem 8.16 

sup (u — Vk)± < max(ti — Vk)± + C(A,p). 
u 3/A {x k ) r 

Together, we get from (A. 2) and (A. 8) 

maxu± < maxti± + C(A,p). (A. 12) 

From (A.l), (A.2), (A.3), and Qpoin having unit volume, we get 

c (A) < Mfl (£), Mfl0 (£), M5 (£) < C(A). (A.13) 

Now if mini; u < —C{A,p) , there exists x £ T with u(x) < mmj^u + C(A,p) < . As 
u — v k > mini u — 1 =: A , we get identifying ip^ : U\(xk) = -Bi(O) by the weak Harnack 
inequality, see [GT] Theorem 8.18, from (A.ll) 

II u - v k - A ||l2(b 1/8 (x))< C( a ) inf (u - v k - A) < 

B i/8W 

< C(A)(n(x) - mm it + 2) < C(A,p), 

and 

|| u - mm« || L 2 (Bl/g(a;)) < C(A,p). 
We see from (A.l) and (A. 7) 

c |A - minn| <|| A - minii || L 2 (B 1/8 ( x ))< 
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< C(A) || u- A ||l 2 (£, 90 ) + II s - m inS IIl 2 (b 1/8 (x))< C( s >5o, A,p)(1 + \/ osc sw)- 
Using (A. 13), we have proved 

minu < — C(A,p) =^ 



u 



m j n « IIl 2 (s, 90 )^ C( s »flto> a >p)(! + \/ osc s«)- (A.14) 



If further mins u <C — C(S, <7o> A,p)(l + ^osc^u) , we put A := [min^ u < u < mins u] 
and see u — mins {t > | minx; u/2| onS-i and using (A. 3) 



1 f 

— \ minti| — A) < / |u — minn| dfig < 

2 s J T. 

T.-A 

< C(E,g , A,p) J |u-nnnu| d^ 90 < C(E, g ,A,p)(l + yjosc^u), 
s 

hence 

- A) < 1 — ^— < c (A)/2, 

mmu 

s 

if | minstt) » C(S, p 0) A,p)(l + y/osc^u) is large enough. This yields using (A. 13) and 

c (A)/2 < /i 5 (A) = J e 2u dfig poin < % oi „(S)exp(mm«) = exp(mmu), 
and we conclude 



rmntt > —C(T>, go, A,p)(l + \J 'osc^u). (A. 15) 

In the same way as above, if maxs u > —C(A,p) , we get from (A. 12) that there exists 
x G T with ?/(x) > maxs u — C(A,p) > . As u — Vk < maxs tt + 1 =: A , we get by the 
weak Harnack inequality, see [GT] Theorem 8.18, from (A. 11) 

\\u-v k -X \\ L 2, B 1/8 ( X ))< C(A) inf (A - u + v fc ) < 

B i/8W 

< C(A)(maxu - u(x) + 2) < C(A,p), 

and 

|| maxu - u || L a (Bl/8 (,.))< C(A,p). 
We see from (A.l) and (A. 7) 

c | maxti - A| <|| maxu - A ||l2(b 1/8 (s))< 



< (7(A) || u- A ||l2 (E)9o) + || maxu - u \\l^(b 1/8 (x))< C{Y,,g Q ,A,p)(l + ^osc^u). 
Using (A. 13), we have proved 



max it > C(A,p) 
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|| maxu - u ||x,2( E)So) < C(S, g , A,p)(l + y/oscxu). (A.16) 

Now if max E u 3> C(S, go, A,p)(l + ^/oscsu) , we need a lower bound on u. If min E u < 
-C(A,p) , we see from (A. 14) and (A.16) that 

nnntt > maxu — C(£,go> A,p)(l + y osc E i2) > 0, 

therefore min E u > — C(A,p) . We put A := [maxs u/2 < u < maxs 5] and see 
max E u — u > max E u/2 on £ — A , hence using (A. 7) 

^ maxti fig poin (Y, - A) < j | maxu - u|e~ 2?t d//p < 

< C(S,p , A,p) J |maxu-u| du go < C(S, g , A,p)(l + y^scsu) 
s 

and 

CE - 4)< C^'floApXl + y/osczu) < 1 
j - maxu ~ 2' 



if max E u > C(£,# , A,p)(l + y/osc s u) is large enough. This yields Hg poin (A) > 1/2 
and by (A. 13) 

C(A) > /x 5 (S) > y e 2M d^ poin > fig pom (A)exp(maxu) > exp(maxu)/2, 
and we conclude 

maxu < C(£, go, A,p)(l + \/ osc E u). (A. 17) 

(A. 14) and (A.16) yield 

oscy,u = max u — min u < 
s s 

< C(£,g , A,p)(l + V osc E u) < C(E,g ,A,p) + ^osc s u, 

hence oscy,u < C(T,,g ,A,p) . Then (A.5) follows from (A.14), (A.16) and (A.7), and the 
lemma is proved. 

/// 

Here, we use this lemma to get a bound on the conformal factor for sequences strongly 
converging in W 2,2 . 

Proposition A. 2 Let f : £ — > M. n be a weak local bilipschitz immersion approximated 
by smooth immersions f m with pull-back metrics g = f*g euc = e 2u g poin ,g m = f^Qeuc = 
e 2Um g po in m for some smooth unit volume constant curvature metrics g po in, 9poin,m and 
satisfying 

fm~> f strongly in W 2 ' 2 (£), weakly* in W 1 ' 00 ^), 

A 9poin ^ 9m ^ Ag.p i n . 

Then 

sup ( || u m ||loo( E) , (I Vu m ||L2 (E)9m) ) < oo. 

mGN v 7 
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Proof: 

We want to apply Lemma A.l to f = fi, f = fm,9o = Qpoin ■ (A. 2) and (A. 3) are 
immediate by the above assumptions for appropriate possibly larger A < oo . 
In local charts, we have 

9m — > 9 strongly in W 1,2 , weakly* in L°°(E), 

and 

*f m ,ii = Vf m Vf f m -> dijf - V'^ihJ = 

= VfV|/ = A f>ij strongly in L 2 . 

Therefore \Af m \ 2 mS /g m ~ — > \Af\ 2 gy /g strongly in L 1 , hence for each x G S there exists a 
neighbourhood f7(a?) of x with 

/ \ A fJL d »9 m < eo(n) for all m G N, 

1/(0!) 

where £o( n ) is as in Lemma A.l. Choosing U(x) even smaller, we may assume that there 
are charts tp x : U(x) -Bi(O) with ip x (x) = and co >x g euc < (y _1 )*5poin < C'xfl'eitc • 
Selecting a finite cover £ = U^£ 1 </?~ fe 1 (-B 1 / 2 (0)) , we obtain (A.l) and (A. 4) for appropriate 
A < oo . As clearly supp(f\ — f m ) C £ , the assertion follows from Lemma A.l. 

/// 

B Analysis 

Proposition B.l Let $ = ($ ,¥>) = B J +2 (°) -> rM+1 = R M x R, M G N, be twice 
differentiable satisfying for f = (A, ytx, i/) G B^ +2 (0) CR M xlxl 

II d x $ -L M || < 1/2, 

|0(*m/)$o|,|0a¥>| < e, 
II D 2 $ ||< A, 
-d vv ip > 7 

with < e,7, A < 1/4, 1 < A < oo, 

CAe < 7. (B.l) 

T/ien for 77 = (r/o, r/) G R M x R wi/t 

|$o(0)-7j | < min(AAg,A /8), 
|^(0)-r7|< 7 Ag/32, 
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there exists £ G -Bj^ +2 (0) with jiv = and satisfying 

m = v 

with 

K|<C7 _1/2 |<IK0)-»7| 1/2 . (B.2) 

// further 

\D<p(0)\ < a, 



CAe + CcjAq 1 + CAA < 7, 

? M+2 



(B.3) 



there exists a solution £ G ^a (0) °/^(0 = r], jiv = with 

Hfi < 0, z> = 0, if v = 0, 
vv < 0, // = 0, if (i = 0. 

Proof: 

After the choice in (B.10) below, we will need only one variable // or 1/ . Therefore to 
simplify the notation, we put ^ = and omit ^ . 

First there exists a twice differentiable function A :] — Ao/2, Ao/2[— > B^ 2 (0) 

$o(A(/x),/x) = r /0 . (B.4) 

Indeed putting 

T M (A) := A-$o(A,^)+r/ for |A| < A /2, 

we see 

II t; ||<h /M-a A $ ll< 1/2, 

hence 

|T M (A 1 )-T M (A 2 )|<i|A 1 -A 2 |. 

As 

1^(0)1 = |*o(0, M) " %| < |*o(0, m) - $o(0, 0)1 + |*o(0) - r? | < 
<|| d^o || | M | + A /8 < (e/2 + 1/8)A < A /4, 

we get 

|T M (A)| < |A|/2 + |T„(0)| < Ao/2 

and by Banach's fixed point theorem, (B.4) has a unique solution A = A(/z) G BjJ /2 (0) . 
In particular 

|A(0)| < 2|T (0)| < 2|* (0) - r/o| < 2 A A 2 ,. (B.5) 
By implict function theorem, A is twice differentiable and 

a A * ^A + d^ = 0, 

d M A T d AA * ^A + 2d Xli *od li \ + dx^od^X + d^o = 0. 
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(B.6) 



This yields 

\d^X\ < 2\d^ \ <2e< 1/2, 
\d^X\ < 2|^A T a AA $ ^A + 2d Xfl ^X + d^ \ < CA. 
Next we put 

:= <p(\(n),v) ~fj for \n\ < A /2 

and see by (B.5) 

1-0(0)1 < |^(A(0),0) - ^(0)| + |^(0) -fj\ < 
<\\ d x <p || |A(0)| + 7Ao/32 < CAeX 2 + jX 2 /32 < 7 Ag/16. (B.7) 
Clearly tp is twice differentiable and 



d^tp = dxifdf.X + d^tp, 
dwi> = d^dxxfd^X + 2d x ^d^X + dxfd^X + d^ip. 
This yields using (B.6) 

\d^tp - d^(p\ < \d^X T dxwd^X + 2d x ^d fl X + d x ipd^X\ < 
< C || D 2 <p II I VI+ II ^ II |cWA| < CAe. 



(B.8) 



(B.9) 



Since the assumptions and conclusions are the equivalent for — <E> and — r\ , we assume 
after possibly exchanging fj, by v that 

V>(0) < 0. (B.10) 

Replacing /U by -/i , we may further assume 8^(0) > . On the other hand by (B.7) 
and (B.9) 

liminf V(/u) > V(0) + 0^(0) A /2 + (inf d^/2){X Q /2) 2 > 

> -7A0/I6 + (7 - CAe)Ag/8 > 0, 
when using (B.l). Therefore there exists < fi < Xq/2 with ip(fi) = , hence putting 

^=(A(^,0)e<+ 2 (0) 

$(£) = ($o(A(/x),/x),<^(A(/x),/x)) = ^(m) + »j) =»/■ 

Choosing Ao small enough, we further obtain (B.2). 

If further (B.3) is satisfied for the original Ao , we see from (B.5), (B.6) and (B.8) that 

|^(°)l ^ C\D(p(X(Q), 0)| < C\D<p(0)\ + C || D 2 ip || |A(0)| < Co + CAX 2 . 

Proceeding as above with (B.7) and (B.9), we calculate 

liminf ij(fi) > ^(0) + 0^(0) A /2 + (inf a^V/2)(A /2) 2 > 

M\-Ao/2 

> - 7 Ag/16 - (Co + CAAq)Ao + (7 - CAe)X 2 /8 = 
> (7/I6 - CAe - CuXq 1 - CAAo)Aq > 0, 
when using (B.3). Therefore there exists — Aq/2 < ft < with ip(fi) = , hence putting 



XI 



:= (A(£),£,0) G B^ +2 (0) , we get = r? and ^ < . 



/// 
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